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NOMENCLATURE 
The measurements and units used in this desertation are: 
1. Ardab = 140 kilograms 
2. Canadian dollar = $0.92 (in 1964) 
3. Dariba = 945 kilograms 
4. Egyptian pound = $2.30 (in 1965) 
5. Feddan = 1.03 acres 
6. Hectare = 2.47 acres 
7. Kantar (of cotton in the U.A.R.) = 315 pounds 
8. Maund = 82.286 pounds 
9. Rupee = $0.21 (in 1964) 
10. Swedish Krona = $0.1933 (in 1964) 
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I. INTRODUCTION 
The relation between food supply and civilization is an ancient one, 
Man's advances from the most primitive societies to the present have 
always been based on availability of sufficient foods to permit release 
from food seeking to the mastery of natural resources, accretion of 
knowledge, development of human mind, and the ethical and esthetic values 
of human nature. 
While the world food consumption level has improved over the last 
decade, up to half the world's population is still hungry or malnourished 
or both (16), To sustain the world's population at its present unsatis­
factory diet, then by 1975 world food supply will need to be increased by 
over 35% (16). If in addition, a reasonable improvement in the level of 
nutrition is to be brought about, it is predicted that world food supplies 
would have to be increased by over 50% (16), and in particular, food 
supplies of animal products would have to be increased by some 60% (16). 
In the developing nations where the population increase will be faster, 
the corresponding figures are much higher. In these areas, total food 
supplies will have to be increased by about 80% and those of animal foods 
by over 120% (16), 
There are many reasons for the above unpleasant facts of the shortage 
of food supplies; population pressure and explosion, the state of economic 
development, and the effects of land restriction. 
With persistently high birth rates and declining death rates, popula­
tion growth, already at an unprecedentedly high level, still tends to 
accelerate in precisely those regions where such growth creates the most 
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serious social and economic problems. At present, the rate of natural 
increase exceeds three per cent a year (40) in many of the developing 
countries. This increase is enough to double the population in 25 years 
or less. Such population pressures take two principal features: a) many 
poor countries have rural underemployment, and b) high birth rates create 
a large number of dependent children per adult where life expectancy is 
low. Thus, productivity can be expected to decline. 
As shown above, the food supply problem is the main problem facing 
the developing economies. Underdevelopment in the use of natural 
resources might be responsible for the backwardness of a nation, and 
hence for the food shortage problem, Meier £t a^ . (40, p. 292) stated 
that: 
"Instead of saying that poor countries are inexorably 
deficient in natural resources, it is more reasonable to 
say that they are poor because they have not succeeded in 
overcoming the scarcity of natural resources by appropriate 
changes in technology and social and economic organization," 
A third major factor leading to this world food problem is land 
restriction. Approximately 10 per cent, or about 1400 million hectares*, 
of the land surface of our globe is under cultivation. Obviously the 
possibilities of increasing this area exists. However, there is both a 
physical and economic upper limit on possibilities of horizontal land 
expansion. 
From the above treatments, it can be summed up that: a food problem 
faces the world today. The pressure of the population explosion intensi­
fies the problem. The underdevelopment in the use of some of the natural 
H^ectare = 2,47 acres. 
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resources and the land restriction effect are among the reasons behind 
the problem too. 
Now, since many densely populated, less developed countries with 
rapidly growing populations have relatively little land that can readily 
be brought under cultivation, food output must come largely from raising 
yields per acre. This can be achieved by improving technology which, in 
a sense, substitutes for land. By technology substitution for land, the 
same or even greater yield can be produced with less land and more 
technology. 
An important resource which has served as an extremely effective 
substitute for both land and labor has been fertilizer. World con­
sumption (excluding mainland China) of fertilizer rose from about 2 
million metric tons around the beginning of this century to about 4 
million tons just before the First World War (15). It fell down to nearly 
1 million tons during the period 1914-1916 and kept rising again until 
the world economic depression. The curve shows a sharp decline during 
the early thirties, catches up again in 1933-34. At the close of the 
Second World War, world consumption of fertilizer had fallen to a level 
of 7.5 million tons in 1945-46. The consumption rose again with much 
steeper rate of growth leading to an increase of about 260 per cent in 
14 years (15). 
The fact that fertilizer lessens the labor inputs required in 
agriculture is of social significance in that it allows labor mobility 
from the agricultural sector to other sectors in the economy. Fertilizer, 
thus, is one of the potential elements of further economic growth in 
mature economies. 
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As a substitute for land, fertilizer has a double role: 
1. In the economically advanced nations, it helps safeguard 
against future food shortages as the population grows. 
2, In the developing nations where land supply is tardy 
and land restrains production against current tech­
nology and population, it has a significant contribution. 
The role of fertilizer as a factor substitutes for land and labor 
and the implications in economic policy analysis are the salient features 
of this study. 
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II. OBJECTIVES 
This study has the objective of deriving production functions which 
relate fertilizer, labor, and land. Furthermore, it has the objective 
of estimating the marginal rates of substitution of capital, in the form 
of fertilizer and labor, and land. These concepts, estimates, and findings 
are carried out as far as available data are concerned. Since data from 
different countries and for different crops are of great interest and of 
significant findings in such a study, five countries, namely the United 
States, Canada, Sweden, India and the United Arab Republic, and nine crops 
namely, com, cotton, wheat, barley, cereal, rice, paddy, maize, and 
peanuts are under focus. Also, more than one nutrient fertilizer response 
functions are taken into consideration. 
It is the objective of this study to investigate the economic and 
technical relationships between fertilizer, land, and labor. Thus, the 
marginal rates of substitution between fertilizer and land, and fertilizer 
and labor are solved for. These quantities are analysed to show how 
fertilizer can substitute for land and labor. 
For these relationships to be viewed and investigated, the ferti-
lizer-land, and fertilizer-labor isoquants, isoclines, expansion paths, 
and ridgelines are established at four different levels of the output. 
Such functions and maps express the technical and economical fertilizer-
land and fertilizer-labor relationships. 
It is among the objectives of this study, too, to show how such 
factors' interdependence is relevant in economic policy analysis. And, 
finally, since conclusions and recommendations are stated on the bases 
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of quantities derived from production functions, it seems desirable to 
have available measures of reliability for this estimate. Thus, 
statistical confidence intervals for the technical and economic quantities 
derived from a land-fertilizer production function are set up. 
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III. THEORETICAL SET UP 
Theoretical considerations presented in this chapter serve as general 
framework for subsequent analysis. Applying these concepts to one, two 
and three nutrient fertilizer production functions follows. Hence, 
land-fertilizer and labor-fertilizer substitutions and relationships 
can be viewed within the data available. The investigation of these 
relationships and its implications in agricultural economic policies are 
the salient features of the chapters to come, 
A, Developments in the Study of Fertilizer Response Functions 
Fertilizer production functions study started as early as 1855 (27), 
The first attempt in fundamental relationship between fertilizer or 
nutrient input and crop yields was made by Justas Von Liebig's "Law of 
the Minimum" (39), He believed that each nutrient would serve as a 
limitation factor to the others, 
Mitscherlich (42) in 1909, attempts to define the algebraic nature of 
the fertilizer crop production function, with the aid of Baule he proposed 
the equation: 
where A is total yield when the nutrient X is not deficient and C is a 
proportionality constant, defining the rate at which marginal yields 
decline. Also, he stated the following equation to allow negative 
marginal products: 
log A - log (A - Y) = CX (1) 
C2) 
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where K is a "damage factor" due to excessive magnitude of X. 
Independently, Spillman (50) proposed an exponential yield equation 
as: 
Y = M - AR^  (3) 
where M is the maximum total yield attainable by increasing the nutrient 
input "X", "A" is a constant defining the maximum response attainable 
from use of X, and R is the coefficient defining the ratio by which 
marginal productivity of X declines. 
The power function developed by Cobb-Douglas (6) has been useful as 
a model in economic investigation: 
Y = aX^ l ... (4) 
where Y is the output, is the ith input and a and b's are coefficients. 
The polynomials, varying one to n-1 degrees, where n is the number 
of levels of the factors, have also been found to fit well the crop-
nutrient relation. The quadratic form is: 
Y = a + bjX Î bgX^  (5) 
B. Form Selected (Quadratic) 
From the previous review the more generally accepted types of 
functions fall into three main categories: 
a. Exponentials 
b. The power function 
c. Polynomials, 
In this study the polynomial functions of the quadratic form are 
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chosen. These functions are easy to fit and test. Also, according to 
the usual negative sign of the square term (or terms), negative marginal 
products are allowed. Furthermore, no assumptions are made about the 
elasticity of response, 
C. Method of Procedure 
1. General framework 
Fertilizer production functions show the response of yield per acre 
when various quantities of fertilizer nutrients are applied such that: 
Y = f^ CF) (6) 
where Y is yield per acre, and F is fertilizer per acre. 
This response function investigates the relationship between the 
yield and the fertilizer. Since the main objective of this study is to 
define and investigate the relationship between land, labor and fertilizer, 
we then have to define a production function where the output (yield) is 
a function of both land and fertilizer. This land-fertilizer production 
function shows the response in yield per acre when both fertilizer and 
land are considered to be variables in quantities, i,e,, 
Y=f2(F, A) (7) 
where A is land measured in acres» and Y is total output. 
Heady (24) suggested that by multiplying the production function in 
Equation 6 by (A) and dividing the (F) magnitudes by (A) in the derived 
equation, Equation 7 can be derived from Equation 6, This procedure, 
however, prescribes a function which has a "constant returns to scale" for 
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the two factors considered alone. 
Given the land-fertilizer production function, various economic 
principles and relationships, which are major tools for optimum planning 
of resource combinations, can be specified as: 
1. The marginal physical productivity of both land and 
fertilizer. These marginal products indicate the 
amount added to total product by each successive unit of 
the variable resource. The marginal products are the 
slopes of the individual input-output curves, thus they 
are derived by taking the first derivative of the production 
function with respect to the variable resource as: 
where MPPp indicates the marginal physical productivity of 
fertilizer and MPPy^  indicates the marginal physical 
productivity of land, 
2, The isoquant function: An isoquant contour represents an 
resource plane indicates all of the possible quantities 
of (F) and (A) which will produce this given output. 
Many such isoquants, each represents an output level, can 
be derived for a particular production function. Mathe­
matically an isoquant function can be represented by 
MPPp = 3l 
 ^ 3F (8) 
(9) 
output level (Y) and the path it traces over the input or 
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Equation 10: 
A = fsCY, F) (10) 
3. The marginal rate of substitution: The marginal rate of 
substitution of one variable resource for another resource 
indicates the rate at which the first substitutes or 
replaces the other, if the output is to be maintained at the 
specified level. The marginal rate of substitution is 
estimated as the slope of the isoquajit. Therefore the 
marginal rate of substitution of fertilizer for land can be 
established by differentiating Equation 10 with respect to F: 
MRS = — (11) 
of F for A 3F 
where MRS indicates the marginal rate of substitution. 
4. The isocline: An isocline function is a trace that connects 
points of equal slope on successively higher isoquants. 
Hence, it connects points on the isoquant which denote 
equal marginal rates of substitution between factors. Thus 
the "k" isocline can be indicated as: 
where k indicates the marginal rate of substitution. 
5. The expansion path: An expansion path is a special case 
of the isoclines. If "k" indicates the factors price 
ratio then we have an expansion path which shows the path 
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that the mix of inputs should follow if the output is to be 
expanded. Thus an expansion path function can be stated as: 
W = % 
where Pp is the price per unit of fertilizer and is the 
cost per unit of substituted land. 
6, If "L" represents per acre requirements of labor force, 
then the marginal rate of substitution of fertilizer for 
labor can be stated as: 
MRS = L (14) 
of F for L 
and the expansion path between labor and fertilizer is 
thus: 
M|^ ). ;£ (15) 
where P^  = wage rate. 
7. The determination of confidence intervals for an isoquant, 
an isocline, expansion path, and, the point of economic 
optima is conducted afterwards. 
2. The model 
One, two, and three quadratic nutrient fertilizer production functions 
were specified in the data used for this study. The model of the 
analysis is as follows: 
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a. One nutrient fertilizer production functions This quadratic 
function can be stated as: 
Y = a + b^ F - bgF^  (16) 
where Y is yield per acre, a, b^ , and b2 are the coefficients, and F is 
the fertilizer input, 
(1) Determine the maximum rate of fertilization by 
equating the marginal physical productivity to zero 
and solving for the maximum fertilizer level; 
3Y 
MPPp = — = bi - 2b2F = 0 (17) 
thus; F = l/2(bi/b2) (18) 
where (F) indicates maximum level of fertilization. 
(2) Determine the optimum rate of fertilization which 
can be specified by equating the MPPp (marginal 
physical productivity of fertilizer) to the fertilizer-
output price ratio, and solving for the optimum 
fertilizer level; 
9Y Pp 
MPPp = "^  = bi - 2b2F = — (19) 
therefore; F* = j^ Y^ l - Pp (20) 
where F* implies optimum level of fertilization. 
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(3) Four output levels to be determined are as follows; 
Yi = a + bjF - b2F2 (21) 
Y2 = a + bjF* - bgF*^  (22) 
Yo + a 
Y3 = -± (23) 
 ^ 2 
Yo + a 
3^ " 3— (24) 
where Y^  = maximum output level, Y2 = optimum output level, 
and Y3 and Y4 are defined above, 
(4) Using Heady's procedure (24), fertilizer production 
functions are modified into land-fertilizer production 
functions. This can be achieved as: 
Y = aA + b^ F - b2F2A-l (25) 
(5) Given the land-fertilizer production function 
(Equation 25), the economic quantities to be 
specified are: 
(a) The marginal physical productivities: 
MPPp = il - b, - 2b2F2A-l (26) 
3F 
MPP. = il = a + b fV^  (27) 
^ 3A 
(b) The land-fertilizer isoquant function: 
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A- = "i - * tïl - biF)2 * 4ab2F2 (2g) 
 ^ 2a 
where i = 1, 4, the previously determined four 
levels of outputs, and = land input, 
(c) The labor-fertilizer isoquant function: 
Li = (Ai)(L) (29) 
where L = per acre requirements of labor force, 
(d) The marginal rates of substitution between fertilizer 
and land: 
MRS =iA A-1 - bi 
of F for A 3F a + b2F^ A*"2 
(e) The marginal rates of substitution between 
fertilizer and labor: 
MRS = (MRS) (L) (31) 
of F for L of F for A 
(f) Land-fertilizer isoclines: 
1/2 
A = bjF Î - 4aK2b2F2 - 4bib;kF2 (32) 
ak + bj 
that is: 
* 2 2 1/2 
bo - 4b2 - 4ak bo - ^ bibok 
A = F — — (33) 
ak + bi 
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where k = the marginal rate of substitution between 
land and fertilizer which is traced by the isocline 
function. Equation 33 is a linear function that 
goes through the origin, 
(g) Ridge-lines: 
a. If k = », then the resulting ridgeline coincides with 
the vertical axis. 
b. At k = 0, then the corresponding ridgeline is: 
A = 2F(b2/bi) (34) 
which also is a linear function passing through 
the origin. 
(h) Expansion path; 
If k = Pp^ A^* the expansion path that 
exists at this level of substitution rate. 
A = F 1=2Pa-* b2»2fl * Wt * W)] 
PA + aPf 
which is, as in the case of other isoclines, a 
linear function passing through the origin. 
(35) 
b. Two nutrient fertilizer production functions The two nutrient 
production function is: 
Y = a + b^ F^  + b2F2 " bgF^  - b^ F^  - (36) 
where a = constant 
b^  = coefficients; i = 1, 5 
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Fj = 1st nutrient (e,g,, nitrogen) 
F2 = 2nd nutrient (e.g., phosphorus), 
(1) Given this type of function, the maximum and the optimum 
rates of fertilization can be set up as follows: 
(a) The determination of the maximum levels of fertilization: 
These levels can be solved for by equating the 
marginal physical products of each nutrient to zero, 
and simultaniously solving for and F2* where Fj and 
§2 are the maximum levels of nutrients. Thus: 
= f. = "1 - - "sfz = 0 (37) 
MPPp = .ÊX. = b2 ~ 2b^ F2 ~ bgF^  — 0 (38) 
Hence: 
•2^ 3 ' ^5 
: br - 2b, 
-b. 
(39) 
ib) The determination of the optimum levels of fertilization: 
If we equate the marginal physical products to the 
price ratio, and simultaneously solve for the 
corresponding levels of fertilizer nutrients, these 
are the optimum levels of fertilization: Optimum, in 
the sense that it maximizes the profit. Thus: 
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MPP, 
Pp 
= ill. = bi - ZbgFi i bcFo = —-
1 SF,  ^  ^^   ^ R, 
(40) 
MPPr 
p 
= — = b2 - ZbdF? - bcFi = _Z2 
3F2 Pv 
(41) 
Hence : 
- 2b, 
- be 2b 4 
- b. 
(42) 
where F^  and Fg indicate the optimum fertilizer levels 
of nutrients (1) and (2), respectively. 
(2) The determination of the four output levels follows and is 
solved as in Equations 21 through 24. 
(3) Fertilizer production functions must be modified into 
land-fertilizer production function to allow these 
steps which we now illustrate. In this respect, fertilizer 
will be viewed in an aggregate form (i.e., a given mix 
of nutrients). Many proportions or mixes could be used 
for such functions, however, the optimum fertilizer mix 
will be used in this study. That is, it is assumed that 
fertilizer nutrients are mixed according to the optimum 
rates of application. Therefore, if ($) represents the 
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mixed fertilizer nutrients, then ($) is a combination of 
?! and in the ratio of fJ ; F2 where (*) implies 
optimality criterion. In other words, we want to 
establish a mixed-fertilizer production function as; 
Y = £4(^ 3 (43) 
for the determination of the coefficient of the mixed-
fertilizer production function we follow these steps: 
* 2 * 
a. Let Ri = Fi / Z (44) 
i=l 
and lU = f! / 1 F* (45) 
 ^ i=l  ^
2 * 
b. Since: $ = Z F^  (46) 
i=l 
Therefore: F^  = (47) 
c. Substituting (47) in (36) for the determination of 
mixed-fertilizer production function, we then have: 
Y = a + + b2R2$ - bgR^ *^  - b^ R^ *^  (48) 
-
d. Simplifying (48) we obtain: 
Y = a + a$ - 6$^  (49) 
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where: a = (b^ R^  + b2R2) (50) 
and 3 = (bjR^  + b^ R^  - bgR2R2) (51) 
(4) The mixed-fertilizer production function (Equation 49) 
is very much the same as Equation 16» Thus Equations 
17 through 35 are derived in the same manner as before 
from Equation 49, 
c. Three nutrient fertilizer production functions With a three 
nutrient function as: 
Y = a + bj[_F2 + b2F2 bgFg - b^ F^  - bgF^  - b^ Fg 
- byF2F2 + bgF^ Fg ± bgF2F3 (52) 
we can make similar derivation which we illustrate: 
(1) Specification of the maximum and optimum nutrients 
combination: 
(a) Determination of the maximum levels of nutrients. 
This, also, can be accomplished in the same manner 
as before by equating the first derivative to zero 
and simultaniously solving for the maximum values 
of Fj^ , F2, and Fg which are denoted as F^ , Fg, 
and Fg: 
MPPpj = = b^  - ± byPg ± bgFg = 0 (53) 
3Fi 
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MPPp^  = = bg - 2b^ Fo Î b^ Fo : boF, = 0 
3F2 
5 2 - "5:2 - "Sr3 (54) 
MPPp; = "s - zbeFs - "s^ i - bgfz = » (55) 
Thus: 
- 2^ 4 - by - bg 
- b? 2bc i be 
- bg - bg - 2b( 
• 
"^ 1 
CM 
IL
L. 
II 
-b2 
h -^ 3 
(56) 
Determination of the optimum levels of nutrients: 
by setting the marginal productivities to be equal 
to the price ratios, a simultanious solution for 
the optimum levels of nutrients can be achieved as: 
Pt 
MPPp = iï- = bi - 2b.Fi ± bvFo t b*F, = —-
Fl 9Fi  ^  ^  ^  ^ * 3 Pv 
(57) 
»F2 = 11^  = "2 - '"s'z - "s": - "g's = K (58) 
WPPp, = = "3 - ZbeP; - bgPl - bgPz = p-
3 3F3 fy 
(59) 
Therefore : 
22 
- -
-
+ 
"7 
F* 
1 
PPl 
Py 
- h 
Î by - ibg P2 = F^2 
Py 
- b2 
-"s 
+ 
-2bg F3 
Py -"3 
The four output levels can now be solved for since the 
maximum and optimum levels of fertilization are 
determined in Equations 56 and 60, respectively. 
Fertilizer conversion to a given mix: The same idea 
applied to the two nutrient functions is followed in 
the three nutrient ones. The optimum fertilizer mix 
is assumed here, too. The determination of the 
coefficients of the mixed-fertilizer production 
function is conducted in this manner: 
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(a) Let: R. = F. / i F? 
 ^  ^ i = 1 1 
where i = 1, .3). 
Cb) Since: 3 * 
$ = I F. 
i=l 1 
where $ implies mixed fertilizer. 
Therefore: F^  = 
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(c) Substituting (63) in (52), a mixed-fertilizer 
production function exists as; 
Y = a + + ^ 2^ 2^  + b^ Rg* 
-
- - bgRj^ Rji^  - bgRgR^ *^  (64) 
(d) Simplifying Equation 64, we obtain: 
Y = a + e$ - (65) 
where e = b^ R^  + b2R2 + b^ Rg (66) 
and Y= b^ Rj + bgR^  + b^ Rg t b^ R^ R^  ~ BgR^ Rg (67) 
+ BgR^ Rg 
Equation 65 is also very much the same as Equation 16. 
Therefore, the same analytical procedure followed in 
analyzing Equation 16 is applied in analyzing 
Equation 65. That is, incorporation of land into the 
picture and solving for all of the land-fertilizer and 
labor-fertilizer relationships are conducted. 
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IV. DATA USED 
Thirty fertilizer production functions of the quadratic polynomial 
type are investigated in this study. Data are available for nine crops 
in five nations. Along with these production functions a set of nutrients, 
outputs, and land prices and costs are used. For studying the fertilizer-
labor relationships, per acre requirements of labor were among the data 
used, A brief description of each of the fertilizer response functions 
follows. However, tables of prices and labor requirements used are 
presented in the Appendix, 
A, Com 
U.S.A., (Iowa); 
Heady and Pesek (30) fitted the following function to an experimental 
data in 1953. Com yield in a 3 by 3 factorial with randomized blocks 
responded readily to nitrogen and phosphorus on Moody soil. Plants were 
adjusted to an average stand of 1800. 
Y = 29.248 + 5340N - .001743n2 - .0003549p2 
+ .001069NP* (68) 
U.S.A., (Iowa); 
Heady and Pesek (30) also fitted Equation 69 to an experiment con­
ducted on Haynie silt loam in 1953 with 0, 40, and 80 pounds levels of 
nitrogen, PgOg, and KgO in a factorial combination. Stand was fixed 
*Otherwise indicated differently, the units are; Y in bushels per 
acre and nutrients in pounds. 
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at the average stalk count for experiment plots at 9,220 plants per acre. 
Y = 35.0587 + .7126N - .004350x2 + .5255P 
- .00310p2 + .2546K - .001624K2 - .002255KP (69) 
U.S.A., (Iowa); 
Equations 70 and 71 were derived by Venezian (66) in an experiment 
which was conducted on different soils in Iowa. Phosphate and potash 
were applied in a 32 factorial arrangement to a com-oats-meadow rota­
tion over a period of 3 years. Each nutrient was applied at levels of 
0, 45, and 90 pounds per acre to the crop rotation; one third of the 
fertilizer was applied to com and the rest to oats. The response 
functions are: 
Clyde Soil; Y = 41.768 + .683051P + .89548K 
- .010383P2 - .008949K2 + .004541PK (70) 
Cresco soil: Y = 60.559 + .78568P + .592634K - .017444p2 
- .01323k2 + .004052PK (71) 
U.S.A., (Iowa): 
This quadratic function with three independent variables was fitted 
to data from a 1954 experiment on Clarion silt loam in Iowa (63). 
Heaviest application of P2O5 and K2O was 160 pounds and 320 pounds for 
nitrogen. Rainfall was limited and marginal yields diminished rapidly. 
Y = 58.7647 + .2088N + .1388P + .0825K 
- .000511N2 - .000859P2 - .000499x2 (72) 
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U.S.A., (Kansas); 
A field investigation of the response of corn to fertilizer applica­
tion was conducted in 1956 on Verdigrislike soil on the farm of C. W. 
Swallow, Pamona, Kansas (43). Sixteen treatments, each replicated four 
times in completely randomized blocks, were involved in the experiment. 
These treatments involved use of nitrogen at rates of 0, 40, and 160 
pounds per acre. 
Almost ideal conditions prevailed during most of the com growing 
season in this location. Rainfall was generally adequate and was dis­
tributed so as to prevent the occurrence of any severe droughts during 
the most critical periods of growth. Equation 73 represents the com 
response to nitrogen with R = 0,73345. 
Y = 69.38 + .311406N - ,001379%% (73) 
U,S,A,, (North Carolina); 
An experiment conducted on the coastal plain of North Carolina (63) 
provided data for Equation 74, Nitrogen was applied in 20 pound 
increments up to 180 pounds. Weather was described as dry, 
Y = 15,4 + .6900N - ,0029%% (74) 
0,8,A,, (North Carolina); 
Fertilizer production function (Equation 75) was fitted to the data 
generated by the series of experiments conducted by the Agronomy Department 
of the North Carolina State College during the period 1944-1948, The 
fertilizer nutrient under consideration was nitrogen; applications were in 
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increments of 20 pounds over the range of 0 - 180 pounds. The following 
function developed by Johnson (36) was investigated, 
Y = 25.16 + 15.19N - .836n2 (75a) 
where N = nitrogen with 20 pounds as a unit. The function is coded as: 
Y = 25.16 + .31141N - .001379n2 (75b) 
where N is nitrogen with 1 pound as a unit. 
U.S.A., (North Carolina); 
Tweeten and Heady (63) obtained Equation 76 from data collected from 
an experiment conducted on Norfolk-like soil in North Carolina. The 
experiment included nitrogen, P2O5» and K^ O, but little response was 
exhibited to any nutrient except nitrogen. The function is a simplified, 
decoded form of the three nutrient equation with P2O5 and K2O fixed at 
their average level of 75 pounds. The heaviest application of nitrogen 
was 250 pounds. 
Y = 36.55 + 0.2369N - .00094N2 (76) 
U.S.A., (Michigan); 
Equation 77 was obtained from an experiment conducted on a Winser 
clay load soil in Tuscola County, Michigan in 1956 (54). 
The magnitude of the constant term indicates that the fertility level 
was probably high without any fertilization. 
The maximum application of nitrogen and K2O was 320 pounds each and 
640 pounds of P2O5. The small numerical values of the coefficients of 
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the linear and squared terms suggested very little response to fertilizer. 
The interaction term, though negative, does not differ significantly 
from zero. 
Y = 104.08269 + .07370N + .05002P 
- .00033N^  - .00006p2 - .00003NP (77) 
U.S.A., (Louisiana); 
By fitting the general polynomial regression technique to the results 
of a five year experiment on the response of com to nitrogen at northeast 
Louisiana Experiment Station, St. Louis (53), the following quadratic 
function was obtained. 
Y = 49.379285 + .739285N - .0040401785N2 (78) 
U.S.A., (Florida); 
An experiment, established in 1950, was located on an area in west 
Florida that had been recently cleaned from a long leaf pine forest 
and had grown one lightly fertilized small grain crop (35). The 
Red Bay fine sandy loam soil was well drained. The fertility levels on 
a per acre basis were O, 15, 30, 60, and 120 pounds of nitrogen, and 0, 
30, 60, 120, and 240 of P2O5» and 0, 15, 30, 60, and 120 pounds of K2O. 
Equation 79 is the yield equation in terms of the three nutrients 
for the 1953 com yield data. 
The estimated R was .850 and the units of the response function were; 
Y = yields in bushel per acre, N = units of N with increments = 15 pounds 
per acre, P = units of P2O5 with increments = 30 pounds per acre, and 
K = units of K2O with increments = 15 pounds per acre. 
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Y = 22.4703 + 4.3404N - .3916N2 + 5.6434P 
- .4086P2 + 3.7240K - ,3294K2 + .0878PK (79) 
U,A.R., (Alexandria); 
Field experiments were conducted at Alexandria University Experimental 
farm (Alexandria, Egypt) for three seasons, neely (late summer) 1959, siefy 
(early summer) 1960, and neely 1960*. 
During the neely season of 1959 a curvilinear regression equation for 
the response of grain yield to nitrogen was derived as: 
Y = 10.423 + 2.312N - 0.218N2 (80) 
where Y was predicted yield of com in ardabs per feddan and nitrogen was 
in units of 15 kilograms per feddan. R was .9573. 
During the seefy season of 1960 the response of yield to levels of 
fertilizer nitrogen was; 
Y = 9.489 + 1.509N - .0127N2 (81) 
where the symbols and the units are the same as above. R = 0.9917. 
And for the neely season of 1960 the following function was fitted: 
Y = 17.005 + 2.297N - 0.247N2 (82) 
with R = 0.9882, and again the units of the production function are as 
expressed above. 
*M. M. El Rouby, Agronomy Dept., Faculty of Agric., Alexandria 
University, Alexandria, Egypt. Field experiments. Private communica­
tion. 1964. 
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B. Cotton 
U.S.A., (Mississippi): 
Equation 83 represents the fitted function to the data of the cotton 
fertility experiment at Baswell farm, Mississippi in 1956 (62). 
Y = 7.21 + 1.072629N + .364254P + .13958K - .060682N2 
- .017155P2 - .014371K2 + .008347NP 
+ .019403NK + .004833 PK (83) 
where Y denotes yield of seed cotton in hundred weights, and each applied 
nutrient is in increments of 10 pounds, the range of N was 0 - 40, 0 -
160 for P2O5» and 0-180 for K2O. 
U.S.A., (Louisiana); 
A 12 year experiment has been conducted on limed Olivier silt loam 
at the Perkins Road Experiment Station at Baton Rouge, Louisiana (52). 
The plots were planted to vetch each fall after harvest and the vetch is 
turned under each spring before planting. 
A (10 - 11 - 8) combination of nutrients (i.e., ratio of N:P:K = 
10:11:8) was found to be an optimum combination in the sense that it 
maximizes profit. 
The data used was obtained by applying a mixed fertilizer of the 
grade in 100 pound increments. 
Fitting the general polynomial regression equation technique, the 
following quadratic production function was obtained: 
Y = 621.0084 + .24376F - .012404?^  (84) 
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where Y denoted yield of seed cotton in pounds per acre and F indicated 
compound fertilizer in pounds per acre. 
U.A.R.; 
By analysing the data of an experiment conducted by the Ministry of 
Agricultural in the U.A.R. (21), the following response functions of 
cotton yields to nitrogen fertilizer were obtained. 
(1) Ashmouni; El- EZAB 
Y = 5.24715 + 2.10171N - .42142N2 (85) 
(2) Ashmouni; El - Matania 
Y = 7.9358 + 1.67657N - .19714N^  (86) 
(3) Ashmouni; El - Kafour 
Y = 6.43115 + .82713N - 12143x2 (87) 
where Y denotes "Kentar" of cotton yield per "fedden" and N = nitrogen 
in units of 15 kilograms per fedden. 
C. Wheat 
U.A.R.; 
In an experiment conducted in Egypt (14) the effect of the nitro­
genous fertilizers on the yield of wheat was investigated. Thirty 
field experiments were carried on at different places in Egypt. Each 
experiment consisted of eight treatments with six replicates laid out 
in a randomized block system; the area of each plot was 1/40 of a 
fedden. The fertilizer used was calcium nitrate (15.5% nitrogen) at four 
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levels: 0, 100, 200, 300 kilograms calcium. 
Two response functions of the quadratic type were fitted to these 
data as follows: 
Yl = 5.009 + .054969N - .00031221N2 (88) 
Y2 = 4.015 + .049696N - .00018365N2 (89) 
where denoted yield in "ardab" of "Hindi"* in "lower" Egypt. 
Y2 denotes yield in "ardab" of "Baladi" in "lower" Egypt. 
N denotes nitrogen applied in a unit equal to one pound per feddan. 
India: 
Factorial experiments conducted in India (70) where at least three 
levels of each factor provided the basic data for the fitting of response 
functions. Rao fitted the following response relationship to the data 
of the experiment in Bahagwai in 1954-55 in India: 
Y = 6.269710 + 0.138127N - .002508X2 
+ .585044P - 0.0832ip2 + .00464NP (90) 
where Y represents yield of wheat in maunds and N and P represents 
nitrogen and P2O5 in pounds per acre. 
D. Barley 
Canada: 
HoIton, Gilson and Hedlein (34), in a 1955 experiment, investigated 
the yield response of barley on stubble land to the application of 
*"Hindi" and "Baladi" are two types of wheat in Egypt. 
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anhydrous ammonia alone and in combination with ammonium phosphate in 
Canada. The anhydrous ammonia was applied at rates which supplied 0, 20, 
40, 60, and 80 pounds of nitrogen per acre. The ammonium phosphate was 
applied at 40 and 60 pounds per acre. 
The fitted function was: 
Y = 16.4643 + 0.8114P + 0.2389N 
- .0208P2 ~ .0025N2 + .0039NP (91) 
where Y = barley yield in bushel 
N, P = nitrogen and P2O5 in units of pounds per acre. 
R2 = .9201. 
E. Cereal 
Sweden; 
An experiment with lime and phosphate was initiated in Sweden in 1959 
(36). The study was based on 53 experiments on different soil types. 
Every experiment has continued for five years in a rotation of spring 
cereals and pasture, k fertilizer production function has been fitted 
to the results of these experiments, where the sum of yields during five 
years has been expressed as a function of fertilizer. Equation 92 
presents this quadratic production function as: 
Y = 176.42 + I44.I8X1 + 616.29X2 - 1.28XI 
- 62.31X2 - 6.16X^ X2 - 84.29X^ X3 - 14.23X^ X4 
+ 19.41X^ X5 - 97.27X2X3 - 20.41X2X4 + 5.58X2X5 (92) 
where Y = total increase in yield during five years, yield units per 
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hectare, 
= CaO ton per hectare. 
2^ ~ ^ 2^ 5 ton per hectare. 
Xg = CaO contents in soil, ton/ha. 
X^  = PgOg contents in soil, dt/ha. 
Xg = humus in soil, per cent. 
F. Rice 
India ; 
Rao (70) fitted two quadratic fertilizer production functions which 
reflect the effect of nitrogen and on rice at two different locations 
in India. The response equations were fitted to the data of experiments 
conducted in (a) Bhagwai and (b) Tirurkuppam, respectively. 
(a) Yi = 14.17279 + .42042N - .00517n2 
+"^ .32908P - .00399p2 + .00234PN (93) 
(b) Y2 = 7.29476 + .08675N - .00057n2 
+ .27540P - .00377P2 + .001524NP (94) 
where Y denotes yield in maunds/acre. N and P are pounds per acre of 
nitrogen and P2O5, respectively. 
G. Paddy 
U.A.R. ; 
Field experiments commenced in 1955 and continued until the end of 
1958 (12). The treatments were replicated five times. The statistical 
design used was complete randomized blocks. "The experiments were 
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conducted in paddy regions at Sacka, Mahallet Mona, and Gimeza, and Sids. 
The following function was fitted by the author to the data obtained in 
these experiments: 
Y = 4360 + 413.478N - 26.S98N2 (95) 
where Y = paddy yield in kg/hectare. 
N = nitrogen where the unit is 12 kg/hectare, 
H. Maize 
India: 
it 
Hussain conducted the following experiment on the response of maize 
to the fertilizer application. Nitrogen and phosphorus were the two 
nutrients applied. These nutrients were applied in the levels of 0, 30, 
60, 90, 120, 150 lbs/acre each. Two replicates were investigated per 
each plot. The net plot size was 1/68.77 acres. 
Y = 1552.7712 + 27.249573N + 3.2279936P 
- .2172736n2 - .0006011600p2 _ .043654260NP (96) 
I. Peanuts 
U.S.A., (Florida); 
Four years* data were reported from a 5 by 5 by S by 2 factorial 
experiment in which nitrogen, phosphorus, potassium, and lime 
respectively were the variables. The experiment was conducted on 
*A. Hussain, F.A.O. Expert. Ministry of Agriculture and Natural 
Resources. PMB 5007, Ibadan, W. Nigeria. Private communication. 1965. 
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Red Bay fine sandy loam in west Florida (46). No response to nitrogen 
Was obtained. Equation 97 represents the response. 
Y = 1420.78 + 24.00K - 0.22K2 + 106.IIP 
- 8.47P2- 6.83KP (97) 
where Y = LgS/acre of peanuts. 
K, P = pounds per acre. 
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V. FINDINGS AND DISCUSSIONS 
In the previous chapters the methodology and the available data were 
investigated. It is the objective of this chapter to analyze the nature 
and the structure of the 30 land-fertilizer production functions under 
focus in this study. First, some unique features of these functions 
and the quantities derived from them are generally conceptulized. 
Secondly, the role of fertilizer as a factor substitutes for land and 
labor, for different crops and in five nations, are quantitatively 
examined. Moreover, tables of the marginal rates of substitution of 
fertilizer for land and labor of the 30 functions, as well as 30 correspond­
ing graphs of the isoquants, isoclines, ridgelines, and expansion paths are 
presented in the chapter. 
A, Some Unique Features of the Land-Fertilizer Production Functions 
For the study of the fertilizer-land and fertilizer-labor relation­
ships three dimension land-fertilizer production functions were derived, 
(see Figure 1), These are functions where output can be expressed as a 
function of both fertilizer and land. The methodology for deriving these 
response functions is given in detail in Chapter III, However, some 
unique features of the land-fertilizer production functions, and the 
economic and physical quantities derived from them are established in this 
section. In other words, the structure and the nature of the response 
surfaces, isoquants, marginal rates of substitution, isoclines, ridge­
lines, and the expansion paths in general are under focus here. 
Figure 1. Three dimension land-fertilizer production function of com 
production in the U.S.A., (Iowa) 
Y = 29.248A + .4820683$ - .001329976$2a-1 (Equation 101) 
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1. The response surfaces 
The land-fertilizer production functions derived in this study are 
ones of constant returns to scale. They were designed that way. This 
can be shown by solving for the elasticity of production (^ p). By 
definition, the elasticity of production can be determined by multiplying 
the derivative or the marginal productivity by the inverse of the average 
product for each factor of production and summing over all the factors; 
we thus have: 
ep = (a + bgF A-2) (b^  - ZbgFA-^  
(aA + b^ F - b2F^ A-l) aA + b^ F - b2F2A"l 
_ + p 
= ^  + bjF - ZhzF^ A-l = 1 (gg, 
aA + b^ F - bgFZA-l 
This procedure does not require that fertilizer be examined only in fixed 
proportion to land. By holding "land" constant in our functions, we can 
still vary fertilizer and obtain diminishing productivity. The nature 
of the response surfaces, however, can be visualized in Figure 1. In 
this three dimension diagram, yield as a dependent factor is presented on 
the vertical axis, while land and fertilizer as factors of production or 
independent variables are expressed on the horizontal dimensions. Four 
levels of outputs Yj, ¥3, Y3, and Y4 are shown where Y^  > Y2 > Y3 > Y4, 
Also, four isoquants, one at each of the predetermined output levels are 
presented. For a constant returns to scale production function, there is 
no maximum. Therefore, there is no peak in the three dimension diagram. 
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Figure 1, of com in Iowa (Equation 101), is drawn just to illustrate the 
nature of the response surface of the land-fertilizer production functions. 
Nevertheless, a set of figures, two dimension each, to show the isoquants, 
the isoclines, the ridgelines, and the expansion paths for the 30 
functions are given in this chapter. In these diagrams land is placed on 
the vertical axis and fertilizer is presented on the horizontal one, 
output levels are indicated by Y^ , .,,, Y4, successively, 
2. Isoquants 
All the land-fertilizer isoquants intersect with the vertical axis 
(land dimension). This implies that land is a necessary factor in crop 
production. That is, no yield can be achieved with zero land, which 
is an obvious fact. The same idea is reflected in the structure of the 
isoclines. 
The isoquant map for a constant returns to scale production functions 
have a unique structure; a structure which leads to linear and passes 
through the origin isoclines. This is also a unique feature in all the 
data. 
The isoquants are all convex towards the origin. This resulted in a 
negative marginal rates of substitution and only a small portion of the 
function, to the far right, is positively sloped. That is, in the negative 
marginal rates of substitution portion, land and fertilizer are substi­
tut able. To the right of the zero sloped point on the isoquant both are 
complementary in crop production. The economic interpretation of this 
phenomena will be given when analysing the ridgelines. 
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3. The marginal rates of substitution 
The slope of the isoquants or the marginal rate of substitution 
between land and fertilizer differs due to many factors. Given the 
limited amount of data in this study, the author assumes the marginal 
rates of substitution of fertilizer for land to be a function of 
R = MRS = fi(a, Yj A,X) (99) 
where: a = the constant term and indicates the original land 
fertility, 
Yi = i^  levels of output (e. g . ,  in this study i = 1, ..., 4. 
specified levels) 
Yjj = kth kind of yield, (e.g., com, cotton, etc.). 
level of fertilization, 
X = other variables. 
The hypothetical mathematical responses of Equation 99 are as 
follows: 
1. !& < 0; that is, the higher the fertility the less the 
3a 
response of yield to the fertilizer input, and hence the 
smaller the slope of the isoquant. This hypothesis is supported 
in Chapter III, Equation 30 where "a" appears in the 
denominator of the marginal rate of substitution equation. 
Also it is proved to be true in the empirical analysis we have, 
2. < 0; the higher the output level the less the response. 
This phenomena clearly appears in the isoquant maps. The 
isoquants that represent lower Y's are steeper than the ones 
corresponding to higher levels, 
3. The response for different crops are different. This 
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characteristic is an agronomic feature in the field of 
crop production, 
4. jÊ < 0. At low levels of fertilization a significant 
response exists. This feature is definite in all the 
equations we have. When the level of fertilization is low 
the fertilizer effect is expected to be high; a logical 
phenomenon, since land is seriously in need for fertiliza­
tion. 
3R 5. When the land level is high the yield response to 
fertilization is significant too. This feature is indicated 
in the isoquant maps in the empirical part of this study. 
6. "X" represents all other factors which might effect R; a 
factor which is introduced into the picture for the sake 
of completeness. 
4. Isoclines 
For a constant returns to scale function an isocline map shows a set 
of linear functions passing through the origin. Linear isoclines passing 
through the origin are scale lines. They indicate a fixed proportion 
or combination of land and fertilizer used at different levels. 
This ratio in which the two resources are combined should remain 
the same regardless of the level of output. The optimum quantity ofinput 
and output changes as the price of the product changes relative to the 
price of the inputs (i.e., land, labor, and fertilizer), but the optimum 
input ratio does not change if the factor price ratio remains constant. 
However, the optimum ratio of factors does change, as the factor price 
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ratio changes. This is a significant phenomena especially as an instru­
ment in policy implications. 
In the "30" equations studied in this context, the above economic 
analysis applies. As shown in the graphs, all the isoclines are linear 
and passing through the origin: A fact also mathematically proved in 
Equation 33 which is a linear function, 
5, Ridgelines 
Since land is essential for any output to exist, the isoquants 
intersect the vertical dimension. This feature resulted in an (®) 
ridgeline which is the vertical axis itself. Such unique characteristic 
in the functions implies that no maximum is defined by the function. 
The other ridgeline (o), being an isocline in nature, is linear and 
passes through the origin. Any land-fertilizer or labor-fertilizer 
combination to the right of this ridgeline is not an economical combina­
tion, The marginal rates of substitution between land and fertilizer, 
or between labor and fertilizer for any combination to the right of this 
(o) ridgeline is positive. That is, more of the inputs are needed for 
the production of the same output. Thus, a state of less efficiency 
exists at this portion of the map. Such inefficient areas are shown in 
all the production functions considered. 
6, Expansion path 
The isocline that reflects the slope of the isoquants and is equal 
to the factor price ratio is known as an "expansion path". It shows 
the path which the mixture of inputs should follow if output is to be 
expanded. Such a path is a function of the response function on one 
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side, and the price ratio on the other side. That is why different 
expansion path functions exist for different response functions and 
different sets of prices. Given a response set (i.e., an isoquant map) 
and a specified land-fertilizer price ratio, an expansion path exists. 
If the price ratio changes, a new expansion path takes place. The slope 
of the expansion path determines the least cost combination of land and 
fertilizer. The higher the slope (steep function) the higher the land-
fertilizer ratio, the smaller the slope the higher the fertilizer-land 
ratio. Thus the slope of the expansion path is an important phenomena. 
Based on the limited samples of fertilizer production functions in 
this study, a hypothetical function showing the slope of the expansion 
path as a dependent variable is drawn. The function is: 
E = f^dRl; P) (100a) 
where; E = slope of the expansion path 
|R| = absolute value of the marginal rate of substitution 
P = factors price ratio, 
and the hypothetical mathematical responses are: 
# 
H > 0 (100c) 
The logic behind this function (Equation 100b) is: 1) the higher "E" 
is, the higher the (land/fertilizer) ratio. The higher the |R| the 
higher the response of yield for fertilizer application. Therefore, when 
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a high response exists we assume a higher (fertilizer/land) ratio exists 
with a smaller slope of the expansion path. That is why relation 
(Equation 100b) is assumed, 2) Relationship (Equation 100c) indicates a 
positive correlation between the slope of the expansion path and the 
(fertilizer/land) price ratio. Again, logically, this is an obvious fact. 
The higher the relative (fertilizer/land) price the less intensive use of 
fertilizer is recommended, and hence, the higher the slope of the expansion 
path. 
Thus, two main factors are assumed to affect the slope of the 
expansion path. Both are working in different directions. The actual 
slope depends upon the magnitude of each, since one factor compensates the 
effect of the other. 
B. Quantitative Analysis of Substituting Fertilizer for Land and Labor 
The nature of the isoquants, isoclines, expansion paths, and ridge-
lines derived from the land-fertilizer production functions have been 
specified in this chapter. It is the objective of this section to investi­
gate and analyze a major question in this dissertation; the question of 
substituting fertilizer for land and labor. The relative merits of 
fertilizer-land substitutability and its implications in the world food 
problems. 
1. The relationship between crop yields and improved technology 
The wide range of per acre crop yield among countries cannot be 
explained by differences in physical limitations alone. It can be said 
that variations appear to be related more to the stage of agricultural 
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and economic development and to the application of modem methods of 
crop production. It is obvious that high crop yields and high values of 
production per acre are characteristics of areas of advanced economic 
development where there is a high level of technology including ferti­
lizer. Auer (1), in his analysis of the impact of technology on the United 
States crop production, investigates how crop yield changes due to variety 
improvement, change in fertilizer use, and other crop yield variables. 
In his figures (Figures 2 through 14) the responses of COTI, cotton, grain, 
sorghum, and wheat yield to improved technology are shown. However, it 
is fertilization which has the lions share among these variables in 
affecting crop yield improvement in the United States. Special reference 
is made here for cotton in the Delta States and wheat in both Lake States 
and Com Belt. Table 1 in this study shows the potential and optimum 
crop response to fertilizer application. In this table Yq represents crop 
yield without any fertilizer. Y and Y* are the maximum and the optimum 
crop yields respectively. Then in columns 6 and 8, the per cent of 
maximum and optimum yields with respect to YQ are given. 
These estimates give the maximum potential increase in crop yield 
due to fertilization at these specified locations and given crops. 
Therefore, these estimates can be viewed as safeguards against future 
population increase which leads to huge increase in the demand for food 
products. However, if prices are taken into consideration, the optimum 
yield levels can be specified. These levels are given in Table 1, 
column 7, and its percentages are given in column 8 of the same table. 
In the developing nations, where food shortages already exist, we can 
expect the optimum output levels and the maximum output levels to be very 
Figure 2, Com yield change due 
to crop yield technology. 
Lake States, 1939 to 
196ia 
Figure 3. Com yield change due 
to crop yield tech­
nology, Com Belt, 
1939 to 1961.a 
Figure 4. Com yield change due Figure 5, Com yield change due 
to technology. Northern to crop technology., 
Plains, 1939 to 1961.* Southern Plains and 
Delta States (excl. 
La.), 1939 to 1961.* 
^(Source: Auer (1, p. 175). 
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Figure 6, Cotton yield change due 
to crop yield tech­
nology, Southern Plains, 
1939 to 1960.a 
Figure 7. Cotton yield change 
due to crop yield 
technology. Delta 
States (excl. La.)» 
1939 to 1960.a 
Figure 8. Grain sorghum yield 
change due to crop 
yield technology, 
Northern Plains, 
Nebraska and Kansas, 
1939 to I960? 
Figure 9. Grain sorghum yield 
change due to crop 
yield technology, 
Southern Plains, 
1939 to I960.* 
^Source: Auer (1, p. 171) 
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Figure 10. Wheat yield change due Figure 11. Wheat yield change 
to crop yield technology due to crop yield 
Lake States, 1939 to technology, Com 
1960.A Belt, (Excl. 
Missouri), 1939 to 
1960.A 
Figure 12. Spring wheat yield change 
due to crop yield tech­
nology, Northern Plains, 
(excl. Kansas), 1939 to 
1960.A 
Figure 13. Wheat yield change 
due to crop yield 
technology. Northern 
Plains, (excl. N. 
Dakota), 1939 to 
1960.A 
Figure 14. Wheat yield change 
due to crop yield 
technology. Southern 
Plains, 1939 to 
1960.A 
^Source; Auer (1, p. 156) 
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Table 1. Minimum (at no fertilization), maximum, and optimum output 
levels in the thirty production functions under focus in 
this study 
Y a _ ^ 
No. Location Crop 100% Y ^ (Y/Yo)% Y*^ (Y*/Yo)% 
1 U.S .A. Iowa Com 29.248 105.25 359.85 69.47 237.52 
2 1 1  I I  I t  35.058 95.06 271.15 92.46 263.73 
3 t f  I I  I I  41.768 85.29 204.19 84.77 202.94 
4 t t  I I  I t  60.559 78.40 129.46 78.12 128.10 
5 1 1  I I  I I  58.765 89.11 151.64 74.32 126.50 
6 I I  Kaiisas . 1 1  69.380 86.96 125.34 84.10 121.22 
7 t l  N. Carolina I I  15.400 56.44 366.49 55.33 359.29 
8 t 1  I t  I I  25.160 42.74 169.87 40.39 160.53 
9 I I  I I  I I  36.550 51.48 140.85 48.03 131.40 
10 t l  Michigan I I  104.082 168.82 160.20 167.38 160.81 
11 t l  Louisiana I t  49.379 83.20 168.43 82.65 167.39 
12 t l  Florida I I  22.470 68.42 304.49 64.13 285.40 
13 U.A .R. Alex. I I  10.423 16.55 158.78 15.99 153.41 
14 I I  I t  t l  17.005 22.34 131.37 21.85 128.49 
IS I I  I I  t t  9.489 13.97 147.22 13.01 137.10 
16 U.S .A. Miss, Cotton 7.210 16.98 235.50 16.78 232.73 
®YQ = minimum output, Y when F = 0. 
^Y = maximum output, Y where = 0. 
3F 
^Y* = optimum output, Y where ^  ^  . 
Table 1. (Continued) 
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b 
No. Location Crop 100% Y (Y/Yq)% Y (Y*/Y^)% 
17 U.S.A. Louisiana Cotton 621.008 1990.73 320.56 1979.99 318.83 
18 U.A.R. Elazab " 5.247 7.87 149.99 7.86 149.80 
19 M  El Matania " 7.935 11.50 144.92 11.48 144.67 
20 I I  El Kafour " 6.431 7.84 121.91 7.80 121.87 
21 U.A.R. Hindi Wheat 5.009 7.43 148.33 7.28 145.33 
22 I t  Baladi 4.015 7.38 183.81 7.12 177.33 
23 India M  6.269 28.73 458.28 28.10 448.23 
24 Canada Barley 16.464 35.08 213.07 33.09 200.98 
25 Sweden Cereal 176.42 268.33 152.10 266.90 151.29 
26 India Rice 14.172 34.80 245.55 34.24 241.60 
27 I I  t l  7.294 13.24 181.51 12.76 176.02 
28 U.A.R. Paddy 4360.0 5967.04 136.86 5854.32 134.27 
29 India Maize 1552.771 2132.15 137.31 2132.09 137.30 
30 U.S.A. Florida 
Peanuts 1420.78 1797.52 126.52 1763.19 124.10 
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much the same. A hypothesis which seems to be empirically proved in our 
data. For instance, in the United Arab Republic the maximum com yields 
in Alexandria are: 16.55, 22.34, and 13.97 ardab/feddan where the 
corresponding optimum values are: 15.99, 21.85, and 13.01 ardab/feddan. 
Cotton in Egypt at the given locations have as maximum yield these values: 
7.87, 11.50, and 7.84 kentar/feddan where the corresponding optimum values 
are: 7.86, 11.48, and 7.80 kentar/feddan. As far as wheat production in 
the U.A.R. is concerned, the maximum values are 7.43, and 7.38 ardab/feddan, 
while the corresponding optimums are 7.28, and 7.12 ardab/feddan. The 
paddy maximum production in Egypt is 5967.04 kg/hectare where the optimum 
is 5854.32 kg/hectare. In India the maximum wheat production is 28.73 
maunds per acre where the optimum is 28.10 m/acre. The maximum rice pro­
duction per acre in India at the given locations are 34.30 and 13.24 
maunds while the optimums are 34.24 maunds and 12.76 maunds, respectively. 
For maize production in India, the maximum is 2132.15 kg per acre versus 
2132.09 kg per acre as an optimum. 
These findings on how the crop yields response to fertilization and 
how food production can be improved by increasing the yields per acre are 
essential in specifying the vital role of fertilizer in solving the world 
food problem. Page (45, p. 203) gives fertilizer use the pre-eminent role: 
"It is, however, not generally recognized that they 
(fertilizers) must play an all-important part, not merely 
as one of the alternative means to this end (increased food 
production), but that they are indeed a key factor in 
practically all schemes for increased supplies the world over." 
2. Fertilizer as a substitute for land and labor 
We have seen how crop yields increase due to fertilization. Therefore 
a given product can be produced with less land if fertilizer is used on 
the remaining acreage. In this sense fertilizer substitutes land. Also, 
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fertilizer plays the role of a substitute for labor force in the sense 
that fertilization boosts yield but increases labor requirement by a very 
small absolute amount. 
The marginal rates of substitution between fertilizer and land, and 
between fertilizer and labor reflect the quantitative analysis of the 
above fertilizer-land, and fertilizer-labor substitutability concepts. 
Tables 4 through 33 express all these marginal rates of substitutions at 
different fertilization levels and at four predetermined output quantities. 
Table 2 shows some selected examples from the detailed presentation in the 
30 marginal rates of substitution tables, to be used for illustration 
purpose in this section. In this table the land and labor replaced by 
one ton of fertilizer at zero, medium, and maximum fertilization levels 
for the production of the maximum output levels in the thirty fertilizer 
production functions are stated. Quantitative analysis of the marginal 
rates of substitution between land, labor and fertilizer in the data for 
the five countries and the nine crops follows. 
a. The United States About four hundred years ago, what is now 
the United States of America was only a wilderness. No cities had been 
built, and no roads crossed the country. Great uncut forests stood tall 
and silent while wide unfarmed plains stretched peaceful and lonely. 
But the United States has made good use of its wealth of natural resources. 
Today, the citizens of the United States are the best-fed, best-dressed, 
and best-sheltered people that have ever lived. In the United States 
there are 3,675,633 square miles with a population of 179,323,175 (1960 
census) resulting in a density of about 50 persons per square mile (69, 
p. 44). The United States is one of the chief agricultural countries of 
the world. It produces enough food, industrial crops, and livestock 
products to supply its own people and to ship in large quantities to other 
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Table 2. Land and labor replaced by one ton of fertilizer at three land-f 
maximum output levels 
No fertilization 
Location Crop AR^ Lr'^  
Medium fertilization 
AR LR 
U.S.A. 
Iowa Com 0 3.59 32.0 234.0 100 2.16 22.0 158 
I f  I f  0 2.71 28.0 206. 0  120 1.30 14.0 98 
I f  r t  0 2.04 39.0 274.0 60 1.16 16.0 114 
f t  I f  0 1.29 22.0 160.0 30 1.04 8.0 66 
t i  I f  0 1.51 4.0 40.0 160 1.14 2.5 22 
Kansas " 0 1.23 8.0 52.0 60 1.05 4.0 24 
N. Carolina " 0 3.66 88.0 1,344.0 60 1.44 44.0 660 
I f  I f  f f  0 1.69 24.0 370.0 60 1.13 10.0 170 
I I  I I  I I  0 1.40 12.0 194.0 60 1.10 6.8 102 
Michigan " 0 1.36 10.0 190.0 80 1.06 4.2 82 
Louisiana " 0 1.68 28.0 298.0 50 1.11 1.2 130, 
Florida " 0 3.05 19.8 259.2 200 1.40 10.4 136, 
U.A.R. 
Alex. Com 0 1.64 13.39 2,562.0 80 1.19 7.6 1,450. 
indicates lev^lof fertilization in pounds. 
^A indicates acres of land. 
^AR indicates land replaced by a ton of fertilizer. 
^LR indicates hours of labor replaced by a ton of fertilizer. 
®F* and A* imply the optimum land-fertilizer combination to be used tc 
îer at three land-fe rtilizer combinations used to produce the 
Lum fertilization Maximum fertilization F* 
A AR LR F A AR LR F*® A* 
per 
acre 
!.16 22.0 158. 0 180 1.57 6.0 52.0 52.0 1.59 32.70 
..30 14.0 98. 0 200 1.01 2.0 14.0 145.0 1.06 136.79 
.16 16.0 114. 0 100 1.00 1.4 10.0 77.0 1.02 75.45 
.04 8.0 66. 0 50 1.00 0.6 4.0 12.5 1.13 11.06 
.14 2.5 22. 0 320 1.01 0.3 2.2 160.0 0.90 177.77 
.05 4.0 24. 0 100 1.00 0.8 5.0 48.0 1.03 46.60 
.44 44.0 660. 0 100 1.02 5.6 86.0 87.0 1.04 83.65 
.13 10.0 170. 0 100 1.00 1.8 28.0 58.0 1.03 56.31 
.10 6.8 102. 0 120 J 1.00 0.4 6.8 31.0 1.14 27.15 
.06 4.2 82. 0 140 1.00 0.16 3.0 38.0 1.16 32.76 
.11 1.2 130. 0 90 1.00 0.28 2.8 37.0 1.20 30.83 
.40 10.4 136. Û 400 1.00 0.20 2.6 220.0 1.15 191.30 
.19 7.6 1,450. 3 160 1.03 0.93 192.0 90.0 1.08 83.33 
ertilizer. 
ation to be used to'produce the optimum output level. 
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Table 2. (Continued) 
No fertilization Medium fertilization 
Location Crop pa A  ^ ARC LR^ F A AR LR 
U.A.R. 
Alex. Com 0 1.34 8.24 1,560.0 80 1.10 3.9 762, 
ft I I  0 1.47 9.4 1,836.0 120 1.06 3.4 700, 
U.S.A. 
Miss Cotton 0 2.36 14.41 1,153.6 700 1.22 6.4 518 
Louisiana " 0 3.20 26.40 2,124.0 160 1.44 14.0 1,132 
U.A.R. 
Upper Egypt " 0 1.55 24.90 19,416.0 40 1.15 12.7 10,036 
I I  I I  1 1  0 1.49 13.10 10,242.0 80 1.10 5.35 4,260 
I I  I t  1 1  0 1.26 8.01 6,235.6 60 1.07 3.7 2,884 
U.A.R. 
Upper Egypt Wheat 0 1.52 22.5 6,804 40 1.16 12.36 2,778 
I I  I I  I I  0 1.89 25.48 7,674.0 60 1.26 14.62 7,788 
India 
Nahagwai Wheat 0 4.58 107.2 12,874.0 60 1.77 64.8 7,788 
Canada 
Gardai Barley 0 2.13 52.98 163.72 40 1.27 28.0 86 
Sweden cereals 0 3.75 22.37 906.0 120 2.70 4.2 428 
India Rice 0 1.81 67.62 13,864.0 20 1.25 40.74 8,352 
I t  I t  0 2.46 52.66 10,797.0 60 1.23 22.8 4,676 
U.A.R. Paddy 0 3.38 17.73 2,154.0 120 2.61 2.88 864 
India Maize 0 2.47 26.74 4,940.0 120 1.22 11.40 2,110 
U.S.A. 
Florida Peanuts 0 1.27 8.14 206.0 60 1.08 4.00 114. 
tedium fertilization Maximum fertilization F* 
*e * per 
A AR LR F A AR LR F A Acre 
1.10 3.9 762.0 140 1.03 0.72 136.0 35.0 1.18 25.66 
1.06 3.4 700.0 200 1.03 0.08 3.2 65.0 1.16 56.03 
1.22 6.4 518.0 360 1.00 0.26 21.2 155.0 1.32 117.42 
1.44 14.0 1,132.0 320 1.00 0.32 26.4 205.9 1.17 175.21 
1.15 12.7 10,036.0 80 1.03 4.70 368.0 61.0 1.05 57.14 
1.10 5.35 4,260.0 140 1.03 0.02 16.6 63.0 1.14 45.00 
1.07 3.7 2,884.0 100 1.03 0.76 596.0 23.0 1.14 20.17 
1.16 12.36 2,778.0 80 1.50 1.50 456.0 60.0 1.04 57.69 
1.26 14.62 7,788.0 120 1.02 0.76 552.0 102.0 1.00 102.00 
1.77 64.8 7,788.0 120 1.01 3.0 384.0 60 1.63 36.8 
1.27 28.0 86.0 80 1.02 1.2 2.6 57 1.02 55.88 
2.70 4.2 428.0 200 2.47 .86 86.0 119 2.69 44.23 
1.25 40.74 8,352.0 40 1.02 7.18 1,474.0 16 1.28 12.5 
1.23 22.8 4,676.0 100 1.00 2.4 448.0 30 1.19 25.21 
2.61 2.88 864.0 200 2.47 0.13 40.0 95 2.22 42.79 
1.22 11.40 2,110.0 200 1.00 1.12 208.0 0 2.47 0 
1.08 4.00 114.0 150 1.02 1.28 22 20 1.15 17.39 
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countries. The United States has only about one-seventeenth of the world's 
entire land area, but its crops and grazing lands produce approximately 
half of the world's com and cotton, one-third of the tobacco, one-fourth 
of the oats, one-sixth of the wheat, one-seventh of the barley and one-
tenth of the sugar beets (69). Obviously, such advanced agricultural 
production is mainly due to improved technology and modern techniques in 
the field of agricultural production. The role of fertilizer as one of 
the key factors of modern agricultural methods is emphasized here. 
The data available for the U.S.A. represents 15 fertilizer production 
functions which express the response of com, cotton, and peanuts yield 
for fertilizer applications in seven states. Starting with com in Iowa 
(Equation 101) it is observed that with zero level of fertilizer and 3.59 
acres of land 105.25 bushels of com can be obtained. At this combination, 
it is estimated that a ton of fertilizer substitutes 32 acres of land and 
234 hours of labor. If more fertilizer is used in combination with less 
land for the production of the same output level, the marginal rate of 
substitution of fertilizer for both land and labor decreases. That is, 
at 100 pounds of fertilizer and 2.16 acres of land used to produce the 
same output, a ton of fertilizer substitutes for 22 acres of land and 158 
hours of labor. A ton of fertilizer substitutes only for 6 acres of land 
and 52 hours of labor when fertilizer is applied at a level of 180 pounds 
and 1.57 acres are used for the production of the same 105.25 bushels of 
corn. 
Auer (1) estimated the application rates of primary plant nutrients 
in pounds per acre for com in Iowa for the period 1939 to 1960. He 
found the rate of application to vary from .5 pounds of fertilizer per 
Figure 15. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Iowa) 
y = 29.248 + .5340N - .001743n2 - .0003549p2+ .001069NP; 
Y = 29.248A + .4820683$ - .001329976$2A-1 (101) 
r 
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acre in 1939 to 57.5 pounds of fertilizer per acre in 1960. This shows 
how significant the substitution effect was the last two decades. 
However with the 1960 level of fertilization of about 60 pounds per acre 
and with 2.67 acres to produce 105,25 bushels, the marginal rate of 
substitution of fertilizer for land is ,01411 and for labor is ,10022. 
Hence a ton of fertilizer substitutes 28,22 acres of land and 200,44 hours 
of labor. At the same level of fertilization (60 pounds) and with 1,495 
acres of land used to produce 69,47 bushels of com a ton of fertilizer 
substitutes 23,90 acres of land and 169,8 hours of labor. If smaller 
output is produced, say 49,36 bushels of com, at the same fertilization 
level (60 pounds) and with .883 acres of land, a ton of fertilizer re­
places 17,04 acres of land and 121,02 hours of labor. Thus, given this 
corn-fertilizer response function, and the actual rate of fertilizer 
application (i.e., 60 pounds per acre) we still have a significant 
potentiality of substituting fertilizer for land in Iowa, 
In another location in Iowa (Equation 102) a ton of fertilizer 
substitutes 28 acres of land and 206 hours of labor at the combination of 
no fertilizer and 2,71 acres of land to be used for the production of 
95.06 bushels of com. When the combinations of fertilizer and land are: 
120 pounds of fertilizer with 1.3 acres of land, and 200 pounds of 
fertilizer with 1,01 acres of land for the production of the same output 
level (95,06 bushels), a ton of fertilizer substitutes for 14 acres of 
land and 98 hours of labor for the former combination and substitutes 
for only 2 acres of land and 14 hours of labor at the latter combination. 
However, following Auer's (1) estimate that about 60 pounds of fertilizer 
per acre is the average rate of fertilizer application in Iowa in 1960, 
Figure 16. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Iowa) 
Y = 35.0587 + .7126N - .004352%% + .5255P 
- .00310P2 + .2546K - .001624x2 - .002255KP; 
Y = 35.0587A + .50920269$ - .00010807128$2A-1 (102) 
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then at this rate and with 1.48 acres of land to produce 95.06 bushels 
of com, a ton of fertilizer substitutes 24.03 acres of land and 170.59 
hours of labor (Table 4). Also, at the estimated rate of fertilization 
when combined with 1.42 acres of land to produce 92.46 bushels of com 
(which is the optimum output level), a ton of fertilizer replaces 23.7 
acres of land and 169.0 hours of labor. 
An 85,29 bushels of com in Iowa (Equation 103) can be produced at; 
no fertilizer and 2.04 acres of land, 60 pounds of fertilizer on 1.16 acres 
of land, or by applying 100 pounds of fertilizer to an acre of land. A 
ton of fertilizer substitutes for 38 acres of land and 274 hours of labor 
at the first combination, it substitutes for 16 acres of land and 114 
hours of labor at the second combination, and a ton of fertilizer only 
substitutes for 1.4 acres of land and 10 hours of labor at the third 
combination. 
In our fourth production function (Equation 104), a ton of fertilizer 
replaces 22 acres of land at no fertilization and 1.29 acres of land used 
for the production of 78.40 bushels of com in Iowa. When the combinations 
are: 30 pounds of fertilizer on 1.04 acres of land, and SO pounds of 
fertilizer on an acre of land for the production of the same output 
(78.40 bushels), a ton of fertilizer substitutes 8 acres of land and 66 
hours of labor, and substitutes .60 acres of land and 4 hours of labor 
respectively. 
Unlike the above four functions in Iowa is the fifth production 
function Equation 105. It shows little substitution response of ferti­
lizer for land. A ton of fertilizer substitutes only 4 acres of land at 
no fertilization on 1.51 acres of land. This is due to the linear 
Figure 17. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Iowa) 
Y = 41.768 + .68305P + .89548K - .01038?% 
- .008949X2 + .00454PK; 
Y = 41.768A + .80822383$ - .00375992*24-1 (103) 
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Figure 18. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Iowa) 
Y = 60.559 + .78568? + .592634K - .017444p2 
- .01323K2 + .004052PK; 
Y = 60.5S9A + .685488$ - .0065879582$2A" 1 (104) 
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Figure 19. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Iowa) 
Y = 58.7647 + .2088N + .1388P + .0825K 
- .000511X2 - .000859P2 - .000499K2; 
Y = 58.7647A + .16937848$ - .00024860957^2A"! (105) 
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coefficient term in this production function, A coefficient which is 
relatively small. However, since the negative quadratic term is very 
small too, the maximization of the function required a high level of 
fertilization (320 pounds). In this function there is a significant 
difference between the maximum and the optimum output levels. 
As an average (which has no weight or productive value, just a 
summary illustration) a ton of fertilizer replaces 13,59 acres of land 
and 102,6 hours of labor at 60 pounds of fertilizer for the production of 
the optimum com yield in the State of Iowa, 
In Kansas the production of 86,96 bushels of com requires no 
fertilizer and 1,25 acres of land, 60 pounds of fertilizer and 1,05 acres 
of land, or 100 pounds of fertilizer on an acre of land, A ton of 
fertilizer substitutes 8 acres of land and 52 hours of labor, 4 acres of 
land and 24 hours of labor, or ,8 acres of land and 5 hours of labor at 
each of the previous combinations, respectively. This is not a high 
response (e,g,, compared with Iowa data). It might be due to the high 
value of the constant term of the production function which implies an 
actually fertil land. Figure 20 shows the isoquant map of this function 
and it can be visualized how flate the isoquants are. Auer (1) in his 
study on "the impact of crop-yield technology on U.S. crop production" 
estimates the average rate of fertilizer per acre in Kansas for several 
crops within the period of 1939 to 1960. He found it to be very low, 
that is, from 1939 to 1949 it did not exceed ,4 pounds per acre. Since 
1950 until 1957 it did not exceed 17,8 pounds per acre, and only recently 
in the sixties it reaches 25,4 pounds per acre in 1960 and 35,3 pounds per 
acre in 1961, These observations may support the hypothesis that the 
Figure 20, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Kansas) 
Y = 69.38 + 3.11406N - .001379N^; 
Y = 69.38A + 3.11406$ - .001379$^^ (106) 
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Kansas soil is fertile, and hence fertilization as a factor that substi­
tutes land and labor does not have a significant role in this respect. 
On the contrary to Kansas response equation is North Carolina 
production function. Figure 21 shows the very steep isoquants and 
hence the high marginal rates of substitutions. In North Carolina the 
production of 56,44 bushels of com requires; no fertilizer and 3.66 
acres of land, 60 pounds of fertilizer on 1.44 acres of land, or 100 
pounds of fertilizer on 1.02 acres of land. A ton of fertilizer substi­
tutes 88 acres of land and 1344 hours of labor, 44 acres of land and 
660 hours of labor, or 5.6 acres of land and 86 hours of labor re­
spectively at the given combinations. The constant term in our fertilizer 
production function (15.4 bushels) is relatively small, however, the 
linear coefficient term (.6900) is relatively high. These phenomena 
implies low soil fertility where the experiment was conducted, and a 
high response of the yield to fertilizer application. That is why a ton 
of fertilizer can substitute for as much as 88 acres of land. However, 
the other two functions fitted in North Carolina do not have the same 
sensitivity. In Equation 108 a ton of fertilizer substitutes for 24 acres 
of land and 370 hours of labor at no fertilizer and 1,59 acres of land 
used for the production of 48,03 bushels of com. While in Equation 109, 
a ton of fertilizer saves only 12 acres of land and 194 hours of labor, 
when 1.40 acres of land without fertilization are used for the production 
of 51.48 bushels of com. 
The fertilizer production function of com in Michigan (Equation 
110) indicates that 104.08 bushels of com per acre can be obtained 
without any fertilizer. Such a fertile land is not expected to be highly 
Figure 21. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (North 
Carolina) 
Y = 15.4 + .6900N - .0029x2; 
Y = 15.4A + .6900$ - .0029$2A-1 (107) 
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Figure 22, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (North 
Carolina) 
Y = 25.16 + .31141N - .001379N^; 
Y = 25.16A + .31141$ - .001379$V^ (108) 
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Figure 23, Map of land-fertilizer isoquants, isoclines, expansion 
path functions for com production in the U.S.A., 
(North Carolina) 
y = 36.55 + .2369n - .00094%%; 
y = 36.55a + .2369$ - .00094$2a-1 (109) 
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Figure 24. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Michigan) 
y = 104.08269 + .0737n + .05002p - .ooossn^ 
- .0006p2 - .00003np; 
y = 104.08269a + .0737$ - .00033$2a"1 (110) 
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sensitive for fertilization. In Michigan, a ton of fertilizer substi­
tutes for only 10 acres of land and 194 hours of labor at zero level of 
fertilization and 1,36 acres of land to produce 168.82 bushels of com. 
At a combination of 80 pounds of fertilizer and 1,06 acres of land used 
for the production of the same amount of output, a ton of fertilizer 
substitutes for 4,2 acres of land and 82 hours of labor. When 140 
pounds of fertilizer are applied on an acre of land to obtain the same 
output, a ton of fertilizer replaces only .16 acres of land and 3.0 hours 
of labor. We should be aware of the limitation of the data available in 
this study. That is, the soil where the experiment was conducted seems 
to be highly fertile. This might not be the average soil fertility all 
over the state of Michigan, This assumption is mainly based on the 
estimates of the average per acre rates of fertilization in Michigan, 
These rates are significantly high, for instance it is as high as 95,7 
pounds per acre in 1959, 94,5 pounds per acre in 1960, and 111,1 pounds 
per acre in 1961 (1), which may imply low soil fertility and hence high 
fertilizer response that stimulates high rates of fertilization. 
In Louisiana (Equation 111), there is a significant response of com 
yield to fertilizer. A ton of fertilizer substitutes 28 acres of land 
and 298 hours of labor (when no fertilizer and 1.68 acres are combined 
to produce 83.20 bushels of com). At the combination of 10 pounds of 
fertilizer and 1.52 acres of land to produce the optimum output level 
(82.65 bushels), a ton of fertilizer substitutes 27.70 acres of land and 
277.0 hours of labor. However, for the combinations of: 70 pounds of 
fertilizer and 1.027 acres to produce 83.20 bushels, 70 pounds of ferti­
lizer and 1.019 acres to produce 82.65 bushels, or 70 pounds and .794 
Figure 25. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., 
(Louisiana) 
y = 49.37985 + .739285n - .004041785x2; 
y = 49.37985a + .73985$ - .004041785$^a"1 (111) 
88 
ridge line m 
/^isocline 
isocline 
expansion path 
price ratio 
ridde line (0) 
corn u.s. 
20 30 40 
fertilizer 
50 60 70 90 
89 
acres to produce 66.01 bushels, a ton of fertilizer substitutes for: 
5.52 acres and 55.2 hours of labor, 5.384 acres and 53.8 hours of labor, 
or .662 acres and 6.6 hours of labor at the given combinations respectively. 
These combinations of 70 pounds of fertilizer with several land levels to 
produce different outputs are selected such that it reflects as much as 
possible the recent (1961) potential substitution of fertilizer for land 
and labor. This is due to the estimates which indicate that the average 
rate of corn fertilization in Louisiana in 1961 was 71.2 pounds per 
acre (1). This observation supports the fact that the higher the rate of 
fertilization, the smaller the effect of fertilizer as a factor substi­
tutes for land and labor. 
For the data shown of com production in Florida, a ton of fertilizer 
substitutes 19.8 acres of land and 259.2 hours of labor (where no 
fertilizer and 3.045 acres are used to produce 68.42 bushels). At 
the combination of 40 pounds of fertilizer and 2.46 acres to produce 
64.13 bushels, the marginal rates of substitution of fertilizer for 
land and labor are .009476 and .12414 respectively. Hence, a ton of 
fertilizer substitutes 18.952 acres and 248.28 hours of labor. When 
higher fertilizer rates are employed, the marginal rates of substitution 
decline. Thus, when 80 pounds are combined with 1.19 acres to produce 
43.3 bushels, a ton of fertilizer replaces 15.728 acres and 206.06 hours 
of labor. It is due to the very small quadratic coefficient, that the 
maximum output of Equation 112 is as high as 68.42 bushels (compared to 
the constant term, 22.47) which can be achieved at almost 400 pounds of 
fertilizer. 
The response of cotton production to fertilizer in the Mississippi 
Figure 26, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the U.S.A., (Florida) 
y = 22.4703 + .28936n + .18812p + .24826k - .00174n2 
- .000454?% - .001466x2 + .00019511pk; 
y = 22.4703a + .22241424$ - .0002739027$2a-1 (112) 
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is shown in Equation 113. For this production function, a ton of 
fertilizer substitutes 14.41 acres of land and 1,152.56 hours of labor 
(when zero fertilizer and 2.36 acres are used to produce 16.98 hundred 
weights of cotton seed). At the combination of 40 pounds of fertilizer 
and 2.046 acres to produce the optimum output level (16.78 hundred weights 
of seed) as ton of fertilizer substitutes for 13.616 acres of land and 
1,089.2 hours of labor. If 80 pounds of fertilizer are applied to 1.81 
acres of land to produce the maximum output (16.98 hundred weights) the 
marginal rates of substitution of fertilizer for land and for labor are 
.0062418 and .49934 respectively. A 120 pounds of fertilizer can be 
combined with 1.577 acres to produce 16.98 hundred weights, with 1.55 
acres to produce 16.78 hundred weights of cotton seed, with .945 acres to 
produce 11.99 hundred weights of cotton seed, or with .513 acres to 
produce 8 hundred weights of cotton seed. At these combinations, a ton 
of fertilizer substitutes 10.88 acres of land and 870.4 hours of labor, 
10.814 acres of land and 848.2 hours of labor, 8.244 acres of land and 
659.4 hours of labor, or 3.550 acres of land and 284.1 hours of labor 
respectively. Since, the estimated application rate of fertilizer per 
acre in the Mississippi for cotton production in 1961 is 137.6 pounds (1), 
the above potentialities of fertilizer as a factor substitutes land and 
labor is appropriate. Thus, even though the actual rates of cotton 
fertilization in the Mississippi is high, still there is a room for 
fertilizer to substitute land and labor. 
Cotton yield is highly responsive to fertilizer application. The 
estimated application rates of cotton fertilization in Louisiana are con­
siderably high, especially in the last decade. Since 1955 to 1961 the 
Figure 27. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cotton (seed) production in the U.S.A., 
(Mississippi) 
y = 7.21 + 1.072629n + .364254p + .13938k - .06082x2 
- .017155p2 _ .014371k2 + .00834np + .019403nk 
+ .g04833pk; 
y = 7.21a + .51982618$ + .000069480366$^a"^ (113) 
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range of applied primary plant nutrients per acre was between 83.3 pounds 
and 108.3 pounds per acre (1). Eighty pounds of fertilizer can be com­
bined with: a) 2.2 acres to produce 19.907 hundred weights cotton seed, 
b) 2.18 acres to produce 19.79 hundred weights of cotton seed, c) 1.14 
acres to produce 13.00 hundred weights of cotton seed, or d) .56 acres to 
produce 8.67 hundred weights of cotton seed. At these four combinations, 
a ton of fertilizer replaces: a) 23,04 acres of land and 1,843,0 hours 
of labor, b) 23,008 acres of land and 1,840,64 hours of labor, c) 19,096 
acres and 1,527,74 hours of labor, or d) 10,796 acres of land and 863,6 
hours of labor. However, at the combinations of a 120 pounds of ferti­
lizer with: a) 1,77 acres to produce 19,99 output, b) 1,75 acres to 
produce 19,97 output, c) ,84 acres to produce 13,00output, or d) ,44 
acres to produce 8,67 units of output; a ton of fertilizer replaces: a) 
19,376 acres of land and 1,550,2 hours of labor, b) 18,304 acres of land 
and 1,5442 hours of labor, c) 10,796 acres and 863,6 hours of labor, or 
d) 2.086 acres and 166,8 hours of labor. These two sets of fertilizer-
land combinations are chosen to represent as much as possible the actual 
situation of cotton production in Louisiana, In the areas where the rate 
of fertilization is in the neighborhood of 80 pounds per acre, the 
potentiality of substituting fertilizer for land and labor is as high as 
23,008 acres and 1,840,64 hours of labor can be replaced by a ton of 
fertilizer. In the areas where the rate of fertilization is higher, 120 
pounds per acre, still a ton of fertilizer can substitute 19,376 acres of 
land and 1,550,2 hours of labor. These observations on cotton production 
in the state of Louisiana, show the high potential effect of fertilizer as 
Figure 28. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cotton (seed) production in the U.S.A. 
(Louisiana) 
y = 621.0084 + .8.24376f - .012404f2; 
y = 621.0084a + 8.24376* - .012404$2a-1 (114) 
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Figure 29. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for peanuts production in the U.S.A., 
(Florida) 
y = 1420.78 + .24.00k - 0.22k2 + 106.iip 
- 8.47p2 - 6.88pk; 
y = 1420.78a + 5.7889768$ - .024152502$2a"1 (115) 
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a factor in cotton production in the south even though the actual rate of 
fertilization is rather high. 
Equation 115 which expresses the response of peanuts yield to ferti­
lizer in Florida, shows a little response. The marginal rates of substi­
tution between land, labor, and fertilizer are not high. A ton of 
fertilizer in Florida, substitutes 8.14 acres of land and 207 hours of 
labor at zero level of fertilizer combined with 1.26 acres of land to 
obtain 1797.52 L S peanuts. If 20 pounds of fertilizer are combined 
with 1.045 acres of land to produce 1591.94 L S peanuts, a ton of 
fertilizer substitutes only .68 acres of land and 172.8 hours of labor. 
However, at the combination of 80 pounds of fertilizer and 1.02 acres of 
land used to produce the optimum output level, 1763.19 L S peanuts, a 
ton of fertilizer only substitutes for 2.66 acres of land and 67.8 hours 
of labor. 
From the foregoing treatments, on investigating fertilizer as a 
factor substitutes for land and labor in the United States, it can be said 
that, fertilizer will not have as great numerical substitution rates for 
land and labor as it has had over past decades. However, a significant 
potential effect of fertilizer to substitute land and labor in the United 
States still exists. A potentiality which serves as a safeguard against 
future food shortages when the population grows. 
b. Canada Canada occupies all the continent of North America 
north of the United States, except Alaska and Greenland. Fertile soil 
is the greatest natural resource of Canada. Good farm land is to be 
found almost everywhere in Canada except on the rocky Laurentian Plateau. 
Experts estimate that Canada has about 354,000,000 acres of land which 
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can be used for farms (69), This is about four times the area that is 
now in use. With an area of 3,851,809 square miles and 19,445,000 (1961) 
population, a density of about 5 persons per mile exists in Canada (69, 
p. 86d). Canada ranks third among the nations of the world in agricultural 
production. Ifheat has been the chief crop ever since the opening of the 
Canadian west. Other field crops are oats, barley, hay, clover, alfalfa, 
com, flax, soy beans, cattle and dairy products, sheep, hogs, poultry, 
fruits, and vegetables. Each year fertilizer use in Canada is becoming 
more important. Between 1926 and 1955, farmers increased their expendi­
tures on fertilizer from $6.2 million to $52.6 million, an increase of 
over 800% during the thirty year interval (34). A fertilizer production 
function of the quadratic form (Equation 116) was fitted by Holten et al. 
(34), to the data of an experiment conducted in Cardal (in Central 
Manitoba) to indicate the barley yield response to varying levels and 
combinations of N and P2O5. The role of fertilizer as a factor substitutes 
for land and labor is investigated in this study. In Canada, the marginal 
rates of substitution of fertilizer for land and labor are .026496 and 
.081871 (at the combination of no fertilizer and 2.13 acres used to 
produce the maximum output, 35.03 bushels of barley). That is, a pound 
of fertilizer at the given fertilizer-land combination, substitutes 
.026496 acres of land and .081871 hours of labor. Hence, a ton of ferti­
lizer in Canada replaces 52.992 acres of land and 163.742 hours of labor. 
For the production of the optimum output level (33.09 bushels of barley) 
a combination of 10 pounds of fertilizer and 1.754 acres of land may be 
used. At this combination, a ton of fertilizer substitutes 49.044 acres 
of land and 151,54 hours of labor. When 20 pounds of fertilizer are 
Figure 30. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for barley production in Canada 
y = 16.4643 + .8114p + .2389n - .0208?% 
- .0025n2 + .0039np; 
y = 16.4643a + .43622264$ - .0026637105$2a-1 (116) 
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spread over 1.52 acres of land to obtain the same optimum output, a ton 
of fertilizer substitutes 43,28 acres of land and 133.74 hours of labor. 
The effect of fertilizer as a factor substitutes for land and labor is 
still high at higher levels of fertilization. That is, at the combination 
of 30 pounds of fertilizer and 1.437 acres of land to produce 34,08 bushels 
of barley, a ton of fertilizer can save 26.88 acres of land and 113.96 
hours of labor. For the production of the optimum output (33,09 bushels 
of barley) with even higher fertilization, 40 pounds, and 1,17 acres of 
land, a ton of fertilizer substitutes 25,9984 acres of land and 80,28 hours 
of labor. Figure 30 shows four isoquants, a set of isoclines, two ridge-
lines, and an expansion path of the production processes of barley in 
Canada, Since the response of barley yield to fertilizer application 
is significantly high, the isoquants are rather steep. The expansion path 
function based on the isoquants and the fertilizer-land price ratio shows 
the path to be followed if output has to be increased. At the given 
physical relationships and set of prices, if the optimum output (33,09 
bushels of barley) should be produced a combination of about 57 pounds of 
fertilizer on a little more than an acre must be used. If less than 
optimum output, say 24,78 bushels, must be produced, a combination of 42 
pounds of fertilizer and ,75 acres of land is recommended. However, the 
slope of the expansion path can be viewed as a policy instrument. The 
policy maker can control such a slope (e,g,, by changing relative prices) 
in such a way that crop production will contribute the most to the social 
welfare function of the society. This idea will be explained more in 
Chapter VII, Nevertheless, the physical structure of our crop production 
is the base upon which policy recommendations are set up. 
105 
c. Sweden Sweden is a country of low land and mountains in 
Northern Europe, It is in the eastern part of the Scandinavian Peninsula. 
The land area of Sweden is about 173,649 square miles, and with a popula­
tion of 7,660,000, a density of about 44 persons per square mile exists 
(69, p, 816), About 30 per cent of the Swedes are engaged in agriculture 
and 70 per cent are urbans (69), The Swedish main agricultural products 
are: wheat, rye, barley, oats, potatoes, sugar beets, fodder roots, hay, 
cattle, and pigs. However, the farms are usually small, ranging from 
five to fifty acres. Southern and eastern Sweden are the best areas for 
farming. The Swedes farm efficiently. They use farm machinery and 
modern farming methods. The government encourages agricultural education. 
Co-operative societies are important in the economic life of Sweden, 
almost half the families in the country belong to co-operatives. 
The cereal-fertilizer production function in Sweden (Equation 117) 
is based on the results of 53 experiments on different soil types, and 
every experiment has continued for five years in a rotation of spring 
cereals and pasture. Thus, it is justified to assume that this cereal 
response function expresses how fertilizer affects cereals production in 
Sweden, According to this function, then at the combination of zero 
fertilizer and 1,52 hectares (3,85 acres) to produce 268,33 units of 
cereals output, a ton of fertilizer substitutes 9,072 hectares (22,408 
acres) of land and 907,2 hours of labor. At the combination of 40 pounds 
of fertilizer and 1,34 hectares (2,3 acres) to produce 266,9 output, the 
marginal rates of substitution of fertilizer for land and labor are 
,003913 and ,39138, respectively. That is, a pound of fertilizer replaces 
,003913 hectares and ,39138 hours of labor. For the production of the 
Figure 31. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cereal production in Sweden 
Y = 176.42 + 1.05735Xi + .543405X2 - .000128Xi 
- .006231X2 - .OOO6I6X1X2; 
Y = 176.42A + .80027$ - .001742$2A-1 (117) 
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same output, these are possible combinations: 80, 120, 160, or 200 pounds 
of fertilizer with 1.2025, 1.098, 1.032, or 1.000 hectares of land 
respectively. A ton of fertilizer for cereal production in Sweden used 
at the above combinations substitutes for; 6.174 hectares (15.24 acres), 
4,254 hectares (10.5 acres), 2.3832 hectares (5.88 acres), or .8434 hectares 
(2.07 acres), and 617.48 hours of labor, 425,4 hours of labor, 238.2 
hours of labor, or 84,34 hours of labor respectively. Thus, as indicated 
before, the rate of substitution decreases as higher levels of fertilizer 
are used. Figure 31 shows the map of the isoquants, isoclines, ridge-
lines, and the expansion path function of the data of Sweden. The price 
ratio lines are based on the fertilizer-land prices (price of fertilizer 
unit, average annual cash rent per unit of the land). According to the 
available data, it can be observed, that if ¥3 (the optimum output level) 
is to be produced, a combination of almost 120 pounds of fertilizer on 
1,1 hectares (that is 109 pounds per hectare or 44 pounds per acre) is 
the optimum land fertilizer combination. However, the previous statement 
is highly restricted with the existing set of prices. Thus it is the 
physical land-fertilizer relationship and the society needs reflected in 
prices that determine the optimum land-fertilizer combination path. 
d. The United Arab Republic Egypt's total area is about 
386,000 square miles, or nearly 238 million feddans, of which only 
5,749,000 feddans (2.4%) are cultivated (69). As the average rate of 
cropping is 1.75 crops per year, this gives the country an equivalent 
of 10,002,690 feddans of crops. The population of the United Arab 
Republic is approximately as high as 29 millions, of which 66% represent 
the rural and 33% the urban population (69, p. 82). The remainder 
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totaling 1% represent the inhabitants of the deserts, the Oasis and Sinia, 
The density of population works out an average of 652 persons to the 
square kilometer in the Nile Valley and the Delta (40). The agricultural 
industry in Egypt plays a vital role in the Egyptian economy. On one 
hand more than half of the population is engaged in agriculture, and on 
the other hand cotton represents a high ratio of the nation's exports. 
Scarcity of land in the U.A.R,, scarcity of water supply, low 
productivity, finance problems, and some other factors have created the 
unpleasant situation of the inability of agriculture to meet the people's 
requirements. In such economy, where food supply lags and land imposes 
serious restrictions on production, the estimation of the rates of 
substitution between land, labor, and technology are essential. The 
marginal rates of substitution of fertilizer for land and labor in the 
production of com, cotton, and paddy in Egypt, is thoroughly investi­
gated in this study. The potential fertilizer-land substitutability, 
fertilizer-labor replacement and their economic investigations are the 
major concern of this section. 
As far as com production in Egypt is concerned, three fertilizer 
production functions are under focus. They represent com production in 
Alexandria in three seasons. The constant terms in these functions give 
an idea about the soil fertility and the weather effect in each experi­
ment and, hence, in each function. If no fertilizers are used, a 
production of 10.423 ardab of com, 17.005 ardab of com, or 9.489 ardab 
of com can be produced in each season respectively. However, when 
Equation 18 is investigated, a ton of fertilizer substitutes 13.142 feddan 
(13.537 acres) of land and 2,562.8 hours of labor (as no fertilizer 
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and 1,588 feddan used to produce 16.55 ardab of com). A 15.99 ardab of 
com can be obtained with 20 pounds of fertilizer and 1.0479 feddan. 
At this combination, the marginal rates of substitution of fertilizer 
for land and labor are .006027 and 1.1753 (a ton of fertilizer substi­
tutes for 12.054 feddan or 12.415 acres of land and 2,350.6 hours of labor). 
For the production of the same output, a resource combination of 40 pounds 
of fertilizer with 1.294 feddan can be used. At this combination, a ton 
of fertilizer, in the U.A.R., substitutes for 10.684 feddan (11.004 acres) 
of land and 2,083.6 hours of labor. At higher rates of fertilization 
smaller rates of substitution exist. For instance, at the combination of 
80 pounds of fertilizer with 1,1633 feddan to produce 16.55 ardab of 
com, or with 1.1139 feddan to produce 15.99 ardab of com, a ton of 
fertilizer replaces 7,445 feddan of land (7,668 acres) and 1,451,9 hours 
of labor, or 7,187 feddan (7,395 acres) of land and 701,56 hours of labor 
respectively, A map of four levels of output isoquants, a set of isoclines, 
two ridgelines, and an expansion path is presented in Figure 32, If Y2 
(optimum output level) is to be produced, then given fertilizer prices and 
the average land cash rents in the U.A.R,, the optimum resource combination 
is 90 pounds of fertilizer and 1,05 feddan of land. If higher or smaller 
output levels are anticipated, a movement up or down on the expansion 
function gives the optimum resource combination. When Equation 119 is 
analysed, it has specific characteristics. The constant term in the 
fertilizer production function (Equation 119) is as high as 17,005 ardab 
of com per acre. With such high yield at no fertilization, the effect of 
fertilizer as a factor substitutes land and labor is smaller than in 
Equation 118. A ton of fertilizer replaces 8.002 feddan (8.242 acres) 
Figure 32, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the United Arab 
Republic 
y = 10.423 + .068504n - .0019139%%; 
y = 10.423a + .068504$ - .00019139^2a"! (118) 
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of land and 1,560,66 hours of labor (at zero fertilizer and 1.314 feddan 
to produce 22,34 ardab of com). Moreover, if 20 pounds of fertilizer 
are combined with 1,209 feddan to produce 21.85 ardab of corn, then 
the marginal rates of substitution of fertilizer for land and labor at 
this resource combination are: ,003567 and ,69564 (a ton of fertilizer 
for 7,134 feddan or 7,348 acres and 1,3912,2 hours of labor) respectively. 
At the combinations of 80 pounds of fertilizer with 1,042 feddan to 
produce 21,85 ardab of com, or the same fertilizer level with ,9117 
feddan to produce 19,43 ardab of com, a ton of fertilizer substitutes 
3,8052 feddan (3,919 acres) of land and 742,02 hours of labor; or 3,212 
feddan (3,308 acres) and 626,46 hours of labor respectively. Figure 33 
expresses the physical and economical land-fertilizer resource combina­
tions in the process of the com production in Egypt, based on Equation 
119, Since, the constant term in the function is high, and the rates of 
substitution between land and fertilizer is not significantly high, the 
optimum combination of land-fertilizer to produce the optimum output level 
is only about 35 pounds of fertilizer and 1,15 feddan of land. The margi­
nal rates of substitution of fertilizer for land and labor in Equation 20 
are ,0047119 feddan (,00486 acres) of land and ,91882 hours of labor (at 
the combination of zero fertilizer and 1,472 feddan used to produce 13,97 
ardab of com). Hence, a ton of fertilizer replaces 9,4238 feddan 
(9,707 acres) of land and 1,837,6 hours of labor. If 40 pounds of ferti­
lizer are used in combination with 1,298 feddan to produce 13,97 ardab 
of com, a ton of fertilizer substitutes 7,888 feddan (8,125 acres) of 
land and 1,538.14 hours of labor. When 80 pounds of fertilizer are used 
Figure 33. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the United Arab 
Republic 
y = 17.005 + .068504n - .002168n2; 
y = 17.005a + .068504$ - .002168$2a-1 (119) 
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in combination with 1.16 feddan to produce 13.97 units of output, with 
I.06 feddan to produce 13.01 ardab com, or with ,892 feddan to produce 
II.25 ardab of com; then the corresponding marginal rates of substitu­
tion of fertilizer for land and labor are: .002928 feddan of land and 
.57098 hours of labor, .0027625 feddan of land and .53868 hours of labor, 
or .0023813 feddan of land and .46434 hours of labor respectively. Hence, 
at the previous land-fertilizer combinations, a ton of fertilizer saves; 
5.856 feddan (6.032 acres) of land and 1,141.96 hours of labor, 5.525 
feddan (5.69 acres) of land and 1077.36 hours of labor, or 4.7624 feddan 
(4.905 acres) of land and 928.68 hours of labor, respectively. When 
examining Figure 33, an optimum land-fertilizer combination at different 
output levels are specified along the expansion path function. However, 
if the optimum output (Y2) is to be produced, a combination of 65 pounds 
of fertilizer and 1.13 feddan of land is an optimum. 
The Egyptian economy is highly dependent on one primary product, a 
product which the Egyptians refer to as "the White Gold," it is cotton. 
More than 70% of the nation's exports are cotton and its various products 
(69), In this study three production functions showing the response of 
cotton production to fertilizer applications in the U.A.R. are investi­
gated. The role of fertilizer as a factor substitutes land and labor in 
the process of cotton production, in the U.A.R., is under focus in this 
section. Equation 121 expresses the response of cotton to nitrogen in 
upper Egypt. If fertilization level is as low as zero with 1.499 feddan 
of land a product of 7.87 kentar of cotton can be produced, then, at such 
low fertilization, a ton of fertilizer substitutes for 24.272 feddan 
Figure 34. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for com production in the United Arab 
Republic 
y = 9.485 + .044711n - .oooihsn^; 
y = 9.489a + .044711$ - .0001145$2a-1 (120) 
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(25 acres) of land and 10,417.6 hours of labor. To rent 25 acres of 
land in Egypt, it costs approximately 500 L.E. a year while the approxi­
mate price of a ton of fertilizer is 100 L.E, However, these findings 
are highly theoretical, since the supply of land is almost constant 
especially in a country like Egypt. The appropriate question might be; 
how much would it cost to reclaim a new acre of land versus how much 
would it cost to build a new fertilizer plant? These vital questions can 
be visualized within the agricultural economic policy formulations, where 
quantitative aspects that reflect the contribution of several projects 
to the welfare of the society are specified. An introduction to such 
interesting agricultural policy analysis is given in Chapter VII, 
Moreover, as indicated before, the higher the fertility level, the 
smaller the rates at which fertilizer substitutes land and labor. For 
instance in Equation 121, at the combination of 20 pounds of fertilizer 
and 1.279 feddan of land to produce 7.87 kentar of cotton in the U.A.R., 
a ton of fertilizer substitutes 19,313 feddan (19.89 acres) of land and 
8,450,6 hours of labor. For the same fertilizer production function, if 
60 pounds of fertilizer are employed in combination with 1,029 feddan to 
produce 7,86 kentar of cotton, then only 5,654 feddan (5,824 acres) of 
land and 4,502 hours of labor can be replaced by one ton of fertilizer. 
Therefore, the estimation of the actual levels of fertilization is of 
great importance for purposes of national agricultural economic policies 
and programming. Equations 122 and 123 indicate the response of cotton 
yield to fertilizer application at other locations. Tables 24, 25, and 
26 show all of the marginal rates of substitutions at different fertilizer 
levels, and for the production of four levels of output, for the data 
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available of cotton production in Egypt. Moreover, Figures 35, 36, and 37 
show the isoquants, isoclines, ridgelines, and expansion paths for the 
three cotton-fertilizer production functions under consideration in this 
study. The combinations of; a) almost 60 pounds of nitrogen and 1.02 
feddan, b) almost 60 pounds of nitrogen and 1.11 feddan, and c) about 
23 pounds of fertilizer and 1.12 feddan, are found to be the optimum 
fertilizer-land combinations to be employed in the production of the 
optimum output levels at the given three locations, respectively. The 
expansion path of Equation 123, Figure 37, is rather steep, thus a low 
fertilizer-land combinations relative to Equations 121 and 122 (or 
Figures 35 and 36), exists. This is mainly due to the smaller marginal 
rates of substitution of fertilizer for land in Equation 123 than the 
corresponding ones in Equations 121 and 122. For instance, at zero 
fertilizer and the corresponding land used to produce the maximum possible 
outputs in the three functions, a ton of fertilizer substitutes: 24.272 
feddan (25 acres) of land and 19,417.6 hours of labor, 12.804 feddan 
(13.184 acres) of land and 10,243.2 hours of labor, or 7.7946 feddan 
(8.024 acres) of land and 6,235.6 hours of labor, respectively. 
About one-third, amounting to almost two million feddan, of the land 
in Egypt is devoted for wheat production. Nevertheless, wheat represents 
a major item of the nation's imports. Two production functions expressing 
how the wheat production is influenced by fertilization are investigated 
here. As it is the case in the cotton function, these fertilizer pro­
duction functions express only a partial crop yield response, since only 
nitrogen is investigated. But, even though this is not the whole 
potential response, a significant role of nitrogen fertilizer has been 
Figure 35. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cotton production in the U.A.R. 
y = 5.24715 + .06368n - .00038698n2; 
y = 5.24715a + .06368$ - .00038698$2a-1 (121) 
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Figure 36, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cotton production in the U.A.R, 
y = 7.9358 + 1.67657n - .19714n2; 
y = 7.9358a + 1.67657$ - .19714$^! (122) 
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Figure 37. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for cotton production in the U.A.R, 
y = 6.43115 + .82713n - .12143n2; 
y = 6.43115a + .82713$ - 12143$^^ (123) 
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achieved. A ton of nitrogen fertilizer substitutes 21.948 feddan (22,606 
acres) of land and 6,804,0 hours of labor, when no fertilizer and 1,48 
feddan are combined to produce 7,43 ardab of "Hindi" wheat in the U,A,R,, 
Equation 124. The same ton of nitrogen can replace 20.028 feddan (20.629 
acres) of land and 6,209.0 hours of labor at the combination of 10 pounds 
of fertilizer and 1.347 feddan to produce 7,28 ardab of wheat (Equation 124). 
Not only "Hindi" wheat. Equation 124, has a significant nitrogen-land and 
nitrogen"labor substitution rate, but also "Baladi" wheat. Equation 125, 
has high rates of substitution. In fact, "Baladi" wheat in Egypt seems 
to be more responsive to nitrogen application than the "Hindi" type (see 
Figures 38 and 39), For the production of 7,38 ardab of "Baladi" 
wheat, a combination of zero fertilizer and 1,837 feddan may be used. At 
this combination a ton of nitrogen can substitute as much as 24,756 feddan 
(25.499 acres) of land and 7,874,2 hours of labor. However, if 20 pounds 
of fertilizer (nitrogen) and 1,537 feddan are used to produce the optimum 
output level of 7,12 ardab, then, a ton of fertilizer substitutes for 
22,202 feddan (22,868)acres) of land and 6,882,6 hours of labor. When 
60 pounds of fertilizer and 1.229 feddan are employed to produce 7.38 
ardab of "Baladi" wheat in Upper Egypt, the marginal rates of substitution 
of fertilizer for land and labor are; .0071324 and 2.211, respectively. 
That is, a ton of fertilizer, at this level of fertilization, can save 
14.265 feddan (16.923 acres) of land and 4,432.2 hours of labor. These 
examples of the potentiality of nitrogen to save land and labor in wheat 
production show how fertilizer can play the most important role as a 
substitute for the dear land in Egypt. If we examine Figures 38 and 39, 
the optimum resource combination of hindi wheat production indicates a 
Figure 38. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for wheat production in the U.A.R, 
Y = 5.009 + .054969N - .00031221N^; 
Y = 5.009A + .054969$ - .00031221t^A"^ (124) 
129 
20-
rid6e 
lg/line 
.5-
1.0-
0.5-
isocline 
isoquant 
expansion 
path / 
/ 
/ 
/ 
/ Y4 
price 
ratio 
/ 
/ ridge line (0) 
% 
wheat, "u.a.r." 
10 20 30 40 §0 6P 7p 80 $ 
Figure 39, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for wheat production in the U.A.R, 
Y = 4.015 + .049696N - .OOOlSSôSN^; 
Y = 4.015A + .0496964 - .00018365$2A-1 (125) 
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ratio of almost 60 pounds of fertilizer for each feddan of land. However, 
for "baladi" wheat the corresponding optimum resource combination implies 
higher fertilizer-land combination. More than a 100 pounds of nitrogen 
must be applied per each feddan of land. These optimums, however, are 
short run concepts, since they are mainly functions of the existing 
factors' prices and costs. Thus, as prices change the optimums change too. 
Rice is considered one of the chief field crops in Egypt, particularly 
in the lower Egypt regions. An area ranging from 500,000 to 750,000 
feddan (525,000 to 772,500 acres) of rice is annually under paddy (13). 
This area yields about a million to a million and a half dariba of rice 
of which a certain amount is consumed locally while the rest is exported. 
Thus, rice as a second Egyptian crop (after cotton) for exportation has 
attracted the most attention in the last few years. As a result, the 
average output per acre of paddy yield was rising consistently. The 
main two factors that contributed largely to yield increase were namely 
better selected variaties and improvements of agricultural practices 
including the use of more fertilizers. Equation 126 expresses the paddy 
response to nitrogen. As mentioned before, this function does not 
express the whole potential yield response to fertilization, it shows the 
paddy yield response to nitrogen alone. However, a ton of nitrogen 
fertilizer, in the U,A,R., substitutes 7.1844 hectares (17.747 acres) of 
land and 2,155.4 hours of labor (at no fertilization and 1.368 hectares 
used to produce 5967.04 kilograms). If the optimum output level of 
5854.32 kilograms are to be produced on 1,342 hectares of land and 40 
pounds of fertilizer, then a ton of nitrogen fertilizer replaces 5,890 
hectares (14.55 acres) of land and 1,797,18 hours of labor. At the 
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combination of 80 pounds of fertilizer and 1.106 hectares to produce 
the same optimum output level, the marginal rates of substitution of 
nitrogen fertilizer for land and labor are .0022242 and .66726, re­
spectively, Hence, a ton of nitrogen fertilizer applied in the pro­
duction of paddy at the given land-fertilizer combination, can save 4,4484 
hectares (10.98 acres) of land and 1,334,42 hours of labor. For more 
marginal rates of substitution of fertilizer for land and labor in this 
function and the others, the reader can examine the tables of the marginal 
rates of substitution (Tables 4 through 33). Figure 40 expresses the 
land-fertilizer physical (isoquants, isoclines, etc.) and economical 
(expansion path, price ratios) relationships. As far as the available 
data are concerned, the diagram implies an optimum land-fertilizer 
combination of paddy production in the United Arab Republic, of about 95 
pounds of nitrogen fertilizer and ,9 hectares of land if the optimum output 
is to be produced. However, as mentioned above, such optimalities are 
short run concepts and highly dependent on the existing prices. The 
methodology and the logic behind the determination of these quantities 
are the most important. 
Four crops namely com, cotton, wheat, and paddy in Egypt, were 
examined with respect to their response to fertilizer application. 
The role of fertilizer as a factor substitutes land and labor was 
quantitatively analysed. Then, short run optimum land-fertilizer combina­
tions were specified by the determination of the expansion paths. 
However, a vital question still holds, in a country like the U.A.R., at 
a given government funds to be spent on the agricultural sector, is it 
recommended to reclaim a new acre of land or build a fertilizer plant? 
Figure 40. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for paddy production in the U.A.R. 
Y = 4360.0 + 413.478N - 26.598N2; 
Y = 4360.OA + 413.478$ - 26.598$^^ (126) 
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Such priority questions on the decision making process of the policy 
makers decisions, are major questions. Chapter VII, however, attempts to 
set up some criteria and quantitative concepts to attack such problems, 
d, India India is one of the largest countries in the world. 
It also has one of the largest populations. Only China has more people. 
About 479,000,000 persons, of which 82,7 per cent are rural and 17.3 per 
cent are urban, are living in India today (69, p, 93), The average Indian 
farm is only five acres, and there are many of two acres or less (69), 
Modem methods of agriculture do not work well on such tiny pieces of 
land. The income of the average farmer is so small that he cannot hope 
to buy more land or better tools. In such a country where population 
explosion takes place, and the agriculture industry represents a vital 
sector of the economy, any study conducted to save the dear land of India 
is of significant contribution to the Indian economy. 
In this study four production functions, representing wheat, rice, 
and maize crops response to fertilizer are examined. For each crop, how 
much more land and labor a ton of fertilizer can replace? How the optimum 
planning of resource combination be established? Are major questions 
to be attacked in this section. 
Figure 41 shows a set of isoquants, a set of isoclines, two ridgelines, 
the price ratio, and an expansion path of wheat production in India 
(Equation 127), The slope of the isoquants, or the marginal rates of 
substitution of fertilizer for land and labor in this response function 
are highly significant. A ton of fertilizer substitutes 107.30 acres of 
land and 12,868.8 hours of labor (when no fertilizer are used and 4.582 
acres are employed to produce 28.73 maunds of wheat in India). If the 
Figure 41, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for wheat production in India 
Y = 6.26971 + .138127N - ,002508N2 
+ .585044p - .08321p2 + .00464np; 
Y = 6.26971A + .33636672$ - .001268911$2A-1 (127) 
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optimum output, 28,10 maunds, has to be produced with the combination of 
20 pounds of fertilizer on 3,432 acres of land, then a ton of fertilizer 
can save as much as 101.882 acres of land and 12,225.8 hours of labor. 
At the combination of 40 pounds of fertilizer and 2.467 acres of land 
to produce the same optimum output, a ton of fertilizer replaces 89,416 
acres of land and 10,729.8 hours of labor. This effective role of 
fertilizer as a factor substitutes for land and labor, is still highly 
effective at higher levels of fertilization. That is, at the combination 
of as much as 80 pounds of fertilizer and 1,2928 acres to produce the 
maximum output (28,73 maunds), the marginal rates of substitution of 
fertilizer for land and labor are; ,016114 and 1,9337, respectively. 
Hence, even at such high level of fertilization, a ton of fertilizer can 
% save as much as 32,228 acres of land and 2,867,4 hours of labor, in the 
wheat production in India, At even higher fertilization levels, the role 
of fertilizer in substituting land and labor (in Equation 127) is 
important. At the combination of 100 pounds of fertilizer and 1,08 acres 
of land to produce the maximum output, a ton of fertilizer substitutes 
11.9852 acres of land and 1,439.42 hours of labor. However, if we 
examine Figure 41, the expansion path indicates an optimum land-fertilizer 
combination of about 60 pounds of fertilizer and 1.67 acres of land to 
produce the optimum output level of wheat in India. This is rather small 
fertilizer-land combination compared to the extremely high marginal rates 
of substitution values. But, such an optimum is, as mentioned before, a 
short run concept which changes when the society needs change are reflected 
in the change of prices. 
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As far as rice production in India is concerned, Equations 128 and 
129 as well as Figures 42 and 43, and Tables 32 and 33, express the rice 
yield response to fertilizer applications at two different locations in 
India, It is observed that fertilizer plays the role of an important 
substitute for land and for labor in the process of rice production in 
India. According to Equation 128 that expresses how the output of rice in 
Bahagwai, India is influenced by fertilizer application, a ton of ferti­
lizer can replace 52,664 acres of land and 10,796,0 hours of labor (when 
no fertilizers are used and 2,455 acres are employed to produce 34,80 
maunds of rice). At the combination of 20 pounds of fertilizer and 1,914 
acres of land to produce 34,24 maunds of rice, a ton of fertilizer 
substitutes for 47,074 acres of land and 9,050,0 hours of labor. However, 
the marginal rates of substitution of fertilizer for land and labor (at 
40 pounds of fertilizer and 1,49 acres to produce the optimum output) are: 
.018364 and 3.7646, respectively. Hence, at the specified fertilization 
level, a ton of fertilizer replaces 36,728 acres of land and 7,529,2 
hours of labor. As smaller output is anticipated, a smaller marginal 
rates of substitution exist. For instance, if 40 pounds of fertilizer 
with ,873 acres of land are combined to produce 24,21 maunds of rice, 
the the marginal rates of substitution of fertilizer for land and labor are 
,012333 and 2,5282, respectively. Hence, a ton of fertilizer replaces 
24,66 acres of land and 3,056,4 hours of labor. The optimum land-
fertilizer combinations are determined by the expansion path function in 
Figure 42, A combination of about 30 pounds of fertilizer and 1,19 acres 
to produce 34,24 maunds of rice is an optimum combination. Equation 129 
Figure 42. Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for rice production in India, (Bahagwai) 
Y = 14.17279 + .42042N - .OOSITN? 
+ .32908P - .00399p2 + .00234NP; 
Y = 14.17279A + .37319997$ - .0016882872$^! (128) 
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Figure 43, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for rice production in India, (Tirurkuppam) 
Y = 7.29476 + .08675N - .OOOSTN? 
+ 2754P - .00377p2 + .00152NP; 
Y = 7.29476A + .24667878$ - .0026448703$^^ (129) 
144 
RIDGE 
LINE W 
EXPANSION 
PATH / 
ISOCLINE 
ISOQUANT 
PRICE 
RATIO 
20 
FERTILIZER 
145 
expresses the fertilizer production function of rice in Tirurkuppam, 
India. By examining Table 33, a ton of fertilizer substitutes 67,632 
acres of land and 13,864,4 hours of labor (when zero fertilizer level and 
1,8148 acres of land are used to produce 13.24 maunds of rice). The 
marginal rates of substitution of fertilizer for land and labor are ,02827 
and 5,7953, respectively (at the combination of 10 pounds of fertilizer 
and 1,436 acres of land used in the production of the optimum output, 
12,76 maunds). That is, 56,54 acres of land and 11,590,6 hours of labor 
can be saved by one ton of fertilizer. At the combination of 20 pounds 
of fertilizer and 1,254 acres to produce the maximum output level, a ton 
of fertilizer substitutes for 40,746 acres of land and 8,353,0 hours of labor. 
The expansion path function in Figure 43 shows the path to be followed in 
the determination of the optimum combination of land and fertilizer. 
A combination of 16 pounds of fertilizer and 1.28 acres to produce the 
optimum output of 12,76 maunds is an optimum combination. The path implies 
a low fertilizer-land ratio as an optimum. This is mainly due to either 
or both of; a) low cost of the land, b) high prices of fertilizer nutrients. 
However, this optimums are, as mentioned before, short run concepts, since 
prices are changeable. Moreover, the policy maker can introduce factors 
as the fertilizer prices in his plan so that a shift in the expansion 
path takes place in the direction that results in higher contribution to 
the welfare of the society. 
The last fertilizer production function in our data (Equation 130) 
represents the yield response of maize to fertilizer application in India, 
The maximum output level of maize production and the optimum output level 
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are very close. The former is 2132.15 kg per acre, while the latter is 
2132,09 kg. Thus, in Figure 44, only three isoquants are presented (one 
expresses both the maximum and the optimum yields), In the production 
process of maize in India, and at the combination of zero fertilizer 
and 2.4655 acres to obtain the maximum output, a ton of fertilizer 
replaces 26.708 acres and 4,941,2 hours of labor. If the optimum output 
is to be produced when 40 pounds of fertilizer are combined with 1.9562, 
the marginal rates of substitution of fertilizer for land and labor are 
.011958 and 2.2123, respectively. That is a pound of fertilizer substi­
tutes for .011958 acres of land and 2.2123 hours of labor. When 1498.44 
kilograms of maize are produced, a combination of 40 pounds of fertilizer 
and 1,2379 acres may be used. At this combination, a ton of fertilizer 
substitutes for 22,076 acres of land and 4,084,0 hours of labor. Table 
34 shows more and more examples on how much land can be replaced by how 
much fertilizer at various levels of fertilization. Figure 44 shows, as 
usual, a set of isoquants, a set of isoclines, price ratios, ridgelines, 
and an expansion path function. However, in our land-fertilizer response 
function of maize in India, a unique (among the 30 functions we have) 
characteristic exists. An expansion path with an infinity slope is 
indicated. The slope of the expansion path, as mentioned before, expresses 
the optimum land-fertilizer ratio. If infinity slope exists, no ferti­
lizer is recommended. This result can be due to either or both; a) an 
extremely low marginal rate of substitution of fertilizer for land, b) an 
extremely high fertilizer/land price ratio. In this production function 
(Equation 130), it seems more reasonable to assume that the fertilizer/land 
Figure 44, Map of land-fertilizer isoquants, isoclines, and expansion 
path functions for maize production in India 
Y = 1552.7712 + 27.249573N + 3.2279936P 
- .2172736X2 - .00060116p2 _ .04365426NP; 
Y = 1552.7712A + 11.54859$ - .0263089$2A-1 (130) 
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price ratio does not favor substituting fertilizer for land. In the 
previously explained land-fertilizer production function in India, it was 
observed that even though a significantly high marginal rates of substitu­
tion did exist, a relatively low fertilizer/land ratios were recommended 
as being optimum resource combinations. This makes us believe that the 
prices of fertilizer are relatively very high. Here the question that 
faced us before is essential. In India is it recommended that the limited 
government expenditure funds be allocated to reduce fertilizer prices, 
or be allocated for more horizontal expansion in the Indian agriculture? 
Again, the answer for such a question is not so simple. However, it is 
the major concern of the agricultural economic policies to deal with 
such problems. An attempt for attacking such a vital question is given 
in Chapter VII. 
f. Rates of substitution at the five countries, comparitive analysis 
The marginal rates of substitution of fertilizer for land and labor in 
the U.S.A., Canada, Sweden, U.A.R., and India have been investigated. 
Table 4 through 34 give these quantities in detail. However, it is the 
major concern of this section to make some comparisons of the substituta-
bility potentials at these four nations. Table 3 shows unweighted averages 
which have been calculated for illustration purposes only. Data on com 
production in the U.S.A., U.A.R., and India are available. As an average, 
a ton of fertilizer in the U.S.A., can replace 26.15 acres of land and 
301,7 hours of labor if no fertilizer is used in the production of the 
maximum output levels of com. In the United Arab Republic, it is 
observed that, on the average a ton of fertilizer can save only 10,34 acres 
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Table 3, Average land and labor replaced by one ton of fertilizer at three lane 
the maximum output levels 
No fertilizer Medium fertilization 
Crop Location pa Ab ARC LRd F A AR LR 
Com U.S.A. 0 2.10 26.15 301.7 86.6 1.25 11.92 208.: 
rr U.A.R. 0 1.48 10.34 1,986.0 93.3 1.11 4.97 970.1 
Maize India 0 2.47 26.70 4,940.0 120 1.22 11.40 2,110.1 
Cotton U.S.A. 0 2.78 20.40 1,638.7 180.0 1.33 10.2 825 
I t  U.A.R. 0 1.43 15.33 11,964. 60.0 1.10 7.25 5,727 
Grain U.A.R. 0 1.70 23.99 7,239.0 50.0 1.21 14.7 3,600. 
I f  Canada 0 2.13 52.98 163.7 40.0 1.27 28.0 86. 
t l  Sweden 0 3.75 22.37 906.0 120.0 2.70 4.2 428. 
I t  India 0 4.58 107.2 12,874.0 60.0 1.77 64.8 7,788. 
Rice U.A.R. 0 3.38 17.73 2,154.0 120.0 2.61 2.88 864. 
I t  India 0 2.14 60.14 12,330.0 40.0 1.24 31.77 6,514. 
All 
crops U.S.A. 0 2.14 24.18 459.9 97.33 1.25 11.2 284. 
I I  Canada 0 2.13 52.98 163.7 40.00 1.27 28.0 86. 
I t  Sweden 0 3.75 22.37 906.0 120.0 2.7 4.2 428. 
I t  U.A.R. 0 1.72 15.86 6,498.0 75.60 1.3 7.27 3,128. 
t t  India 0 2.83 63.54 10,618.5 65.00 1.37 34.93 5,731. 
indicates level of fertilization in pounds. 
^A indicates acres of land, 
®AR land replaced by a ton of fertilizer. 
^LR hours of labor replaced by a ton of fertilizer. 
3rtilizer at three land-fertilizer combinations used to produce 
:* ium fertilization Maximum fertilization ^ 
per 
A AR LR F A AR LR acre 
1.25 11.92 208.33 158.3 1.05 1.63 18.11 75.20 
1.11 4.97 970.60 166.6 1.03 0.58 110.00 56.34 
1.22 11.40 2,110.00 200.0 1.00 1.12 208.00 0 
1.33 10.2 825 340 1.00 0.29 23.8 146.315 
1.10 7.25 5,727 106.6 1.03 0.41 326.9 40.77 
1.21 14.7 3,600.0 100 1.03 1.63 504.0 123.85 
1.27 28.0 86.0 80 1.02 1.20 2.6 55.88 
2.70 4.2 428.0 200 2.47 .86 86.0 44.23 
1.77 64.8 7,788.0 120 1.01 3.0 384.0 36.80 
2.61 2.88 864.0 200 2.47 .13 40.0 42.79 
1.24 31.77 6,514.0 70 1.01 4.79 986.0 18.85 
1.25 11.2 284.3 178.7 1.50 1.43 19.3 79.64 
1.27 28.0 86.0 80.0 1.02 1.20 2.6 55.88 
2.7 4.2 428.0 200.0 2.47 0.86 86.0 44.23 
1.3 7.27 3,128.4 135.6 1.19 1.17 262.2 67.44 
1.37 34.93 5,731.5 115.0 1.00 3.42 641.0 18.55 
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of land and 1,986,0 hours of labor in the process of com production. 
In India, the maize yield is more responsive to fertilizer than com in 
Egypt. If no fertilizer is used in maize production in India, then a ton 
of fertilizer substitutes 26,7 acres of land and 4,940,0 hours of labor. 
Of course these observations are smaller at higher levels of fertilization. 
When 86,6 pounds of fertilizer are combined with 1.25 acres of land 
to produce the maximum output level of com in the U,S,A,, a ton of 
fertilizer substitutes 11,92 acres of land and 208,33 hours of labor. 
For the data of com production in Egypt, at the combination of 93,3 
pounds of fertilizer and 1.11 acres, a ton of fertilizer substitutes 4.97 
acres of land and 970,60 hours of labor. The corresponding figures in 
India, are 11,40 acres and 2,110,0 hours of labor can be replaced by a 
ton of fertilizer (at the combination of 120 pounds of fertilizer and 
1.22 acres of land to produce the maximum output level of maize pro­
duction in India). When the fertilizer/land price ratios were taken into 
consideration, expansion path functions were observed, and hence optimum 
land-fertilizer combinations were specified. As averages, it was observed 
that 75.20 pounds of fertilizer per acre in the United States, 56.36 
pounds of fertilizer per acre in the U.A.R., and no fertilization in India, 
are the optimum fertilizer-land combinations to be used in the production 
of the optimum com yield in the specified location. Even though the 
marginal rates of substitution of fertilizer for land and labor in India 
are higher than the corresponding rates of substitution in the U.S.A. or 
the U.A.R., it is observed that no fertilizer is recommended for maize 
production in India. It is the extremely high fertilizer-land price ratio 
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that resulted in such optimum combination (no fertilizer). Moreover, 
a ton of fertilizer in the U.S.A. substitutes more than twice and half 
as much as it substitutes in Egypt in the production of com. But, the 
optimum fertilizer-land combination in the U.S.A. is not as much higher 
than the corresponding optimum combinations in Egypt (75.20 pounds per 
acre in the U.S.A. compared with 56.34 pounds per acre in Egypt). This 
is mainly due to fertilizer-land price ratios in both countries. 
When cotton yield is under focus, it is observed that a ton of 
fertilizer to be used in the southern part of the U.S.A. (Mississippi and 
Louisiana) can save 20.40 acres of land and 1,638.7 hours of labor (at 
the combination of zero fertilizer and 2,78 acres to produce the maximum 
output levels). However, on the average, a ton of fertilizer (nitrogen) 
in the U.A.R. can save 15.33 acres of land and 11,964 hours of labor 
(when no fertilizers are used on 1.43 acres to obtain the maximum output 
levels). Of course these quantities decrease if higher rates of fertiliza­
tion are applied. Nevertheless, the rates of decrease are not the same 
in both nations. That is, when 180.0 pounds of fertilizer are combined 
with 1.33 acres of land to produce the same output of cotton a ton of 
fertilizer, in the U.S.A., substitutes for 10.2 acres of land and 825 hours 
of labor. Thus at 180 pounds of fertilizer, a ton of fertilizer substi­
tutes for one-half as much as it substitutes for land and labor at zero 
level of fertilization. In Egypt, when 60 pounds of fertilizer are 
applied, a ton of fertilizer substitutes for only 7.25 acres of land and 
5.727 hours of labor. That is, a ton of fertilizer (used at 60 pounds of 
fertilization) substitutes for less than one-half as much as it substitutes 
at zero level of fertilization. Such a sharp (relative to the U.S.A. 
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averages) decline in the substitutability of nitrogen fertilizer for land 
and labor in Egypt, is reflected in the optimum fertilizer-land combination. 
It is observed that only 40,77 pounds of fertilizer per acre is an optimum 
fertilizer-land combination in Egypt, while the corresponding optimum 
combination in the U.S.A. is as high as 146.315 pounds per acre. 
As far as grain production is concerned. Table 3 shows the average 
rates of substitution in four locations, namely U.A,R,, Canada, Sweden, 
and India, The most responsive observations are in India, A ton of 
fertilizer in India can save as much as 107,2 acres of land and 12,874,0 
hours of labor [at the combination of 4.58 acres and no fertilizer to 
produce the maximum output level). Canada comes after India in this 
respect. At the combination of zero fertilizer and 2.13 acres to produce 
the maximum output level in Canada, a ton of fertilizer replaces 52.98 
acres of land and 163.7 hours of labor. On the average, in Egypt a ton 
of fertilizer, in grain production, substitutes 23.99 acres of land and 
7,239.0 hours of labor at no fertilizer on 1.70 acres to produce the maxi­
mum wheat production in the U.A.R.). Sweden is so close to Egypt in 
this respect. It is observed that a ton of fertilizer in Sweden substi­
tutes 22.37 acres of land and 906,0 hours of labor, when no fertilizer 
is used and 3.75 acres are employed to obtain the maximum output level. 
But, even though India comes in the first place in the potentiality of 
fertilizer as a factor substitutes for land and labor, it has the smallest 
optimum fertilizer-land combination among the four nations under focus 
here. In India 36.80 pounds of fertilizer per acre is found to be an 
optimum fertilizer-land combination, while in Egypt it is recommended to 
use as high as 123.85 pounds of fertilizer per acre. In Canada a 
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combination of 55,88 pounds of fertilizer per acre is an optimum, and 
44,23 pounds of fertilizer per acre in Sweden is recommended. Again 
these optimum observations are all short run concepts. They are mainly 
functions of physical and economical relationships. Since the physical 
fertilizer-land and fertilizer-labor rates of substitution are high in 
India, and the optimum fertilizer-land combination is low, then it is 
obviously observed that fertilizer-land price ratio in India is so high 
that it does not favor much substitution of fertilizer for land and 
labor. However, since prices are changeable, such observation are 
changeable too. Thus, the high potential fertilizer-land and fertilizer-
labor substitution is still highly significant observations in an over-
populated country like India, The high optimum fertilizer-land combination 
in wheat production (123,85 pounds per acre) in Egypt is due to several 
factors. Shortage of land in the U.A.R,, high prices of wheat, and 
reasonable wheat yield response for fertilization are among the reasons. 
Rice is an essential field crop in both Egypt and India. In Egypt, 
on the average, a ton of fertilizer substitutes for 17.73 acres of land 
and 2,1540,0 hours of labor (at no fertilization and 3,38 acres used to 
obtain the maximum yield of rice). The response of rice yield to ferti­
lization in India is by far higher than it is in the U.A.R, In India, 
at the combination of no fertilizer and 2.14 acres of land used to 
produce the maximum output, a ton of fertilizer substitutes for as much 
as 60.14 acres of land and 12,330.0 hours of labor. But due to the 
relatively high fertilizer prices, it is recommended that only 18,85 pounds 
of fertilizer per acre is an optimum fertilizer-land combination to be 
used in rice production in India, While, the optimum fertilizer-land 
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combination in rice production in Egypt is as high as 42.79 pounds per 
acre. 
The last section of Table 3 summarizes some rates of substitution of 
fertilizer for land and labor in the five nations under study in this 
desertation. Averages over all crop data are calculated to be used mainly 
for illustration and comparison purposes. The potentiality of fertilizer 
as a factor substitutes for both land and labor is the highest in India. 
At zero level of fertilization, on the average, a ton of fertilizer 
substitutes: 63.54 acres of land and 10,618.5 hours of labor in India, 
52.98 acres of land and 163.7 hours of labor in Canada, 24.18 acres of 
land and 459.0 hours of labor in the United States, 22.37 acres of land 
and 906.0 hours of labor in Sweden, or 15,86 acres of land and 6,498.0 
hours of labor in the United Arab Republic, These rates of substitution 
decrease as fertilizer application increases. In India, when 65 pounds 
of fertilizer are combined with 1.37 acres of land, a ton of fertilizer 
substitutes for 34.93 acres of land and 5,731.5 hours of labor. This is 
highly significant if compared with similar rates of substitution in the 
other four countries. At the corresponding medium* levels of fertiliza­
tion and on the average, a ton of fertilizer substitutes for: 28.0 acres 
of land and 86.0 hours of labor in Canada, 11.2 acres of land and 284.3 
hours of labor in the U.S.A., 7.27 acres of land and 3,128.4 hours of 
labor in the U.A.R., or 4.2 acres of land and 428,0 hours of labor in 
Sweden. Moreover, on the average, at the maximum (F) levels of 
*Medium calculated as F/2, where F = maximum fertilization or F = F 
when 3Y/3F = 0. 
156 
fertilization, the role of fertilizer as a factor substitutes land and 
labor is almost eliminated. At these high levels of fertilization, a ton 
of fertilizer substitutes; 3,42 acres of land and 641.0 hours of labor 
in India, 1,43 acres of land and 19,3 hours of labor in the U.S.A,, 1,20 
acres of land and 2.6 hours of labor in Canada, 1,17 acres of land and 262.2 
hours of labor in the U.A.R., or 0,86 acres of land and 86,0 hours of 
labor in Sweden, This observation goes in line with the nature of the 
production functions used in this study. All the fertilizer production 
functions are polynomials of the quadratic type and with negative coef­
ficients for the square terms. 
The last column in the last section of Table 3 expresses, on the 
average, the optimum fertilizer-land combination in the locations under 
study. The availability of fertilizer and its relatively low prices in 
the United States resulted in the highest optimum fertilizer-land ratio. 
About 79.60 pounds of fertilizer per acre is recommended as an optimum 
fertilizer-land combination in the U,S,A, With this respect, Egypt comes 
in the second place after the United States, However, it is mainly due 
to high prices of land that an optimum fertilizer-land combination, on 
the average, is about 67,44 pounds per acre in the U.A.R. Then comes 
Canada, with an optimum fertilizer-land combination of 55,88 pounds of 
fertilizer per acre. In Sweden, the average is about 44.23 pounds of 
fertilizer per acre. At the bottom of the list is India with the most 
responsive yield to fertilizer application. The optimum fertilizer-land 
combination, on the average, in India is as low as 18,55 pounds of 
fertilizer per acre. 
Table 4. Marginal rates of substitution between land, labor, and fertilizer for com production in 
the U.S.A., (Iowa) 
« 
Yj = 105 .25 bu.a II 69.47 bu.a Y3 = 49 .36 bu.a Y4 = 32. 91 bu.a 
8A/3F 3L/9F aA/9F 9L/3F aA/3F 3L/3F 3A/3F 3L/3F 
0 -.016482 -.11702 -.016482 -.11702 -.016842 -.11702 -.016482 -.11702 
20 -.01590 -.11289 -.01553 -.11026 0.015010 -.10657 -.013880 -.098548 
40 -.015129 -.10742 -.014080 -.099970 -.012406 -.088083 -.008225 -.060510 
60 -.014115 -.10022 -.011959 -.084907 -.0085225 -.06051 -.0029583 -.021004 
80 -.012806 -.09092 -.0091892 -.065243 -.0045275 -.032145 -.00014874 -.0010561 
100 -.011184 -.0062153 -.0062153 -.044128 -.001741 -.012361 -.0010262 -.0072863 
120 -.0093074 -.066082 -.0036569 -.025964 -.00014874 -.0010561 +«0015665 +.011122 
140 -.0073259 -.052014 -.0017972 -.012760 +.00073651 +.0052292 +.0018481 +.013121 
160 -.005435 -.038589 -.00055363 -.0039308 +.0012504 +.0088778 +.002010 +.014276 
180 -.00379 -.026912 -.00026182 +.0018589 +.0015665 +.011122 +.002121 +.014996 
ay = 29.248 + ,5340N - .001743N2 - .000354p2 + .001069NP; Y = 29.248A + .4820683$ -
.001329976$2a-1 (Equation 101). 
Table 5, Marginal rates of substitution between land, labor, and fertilizer for com in U.S.A., 
(Iowa) 
$ 
Yi = 95.06 bu.* Y2 = 92.46 bu.* Y3 = 63. 76 bu.* Y4 = 42. 51 bu.* 
3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.014524 -.10312 -.014524 -.10312 -.014524 -.10312 -.014524 -.10312 
40 -.013238 -.093991 -.013188 -.093637 -.012222 -.086777 -.010008 -.07156 
80 -.010801 -.076685 -.010620 -.075450 -.0071148 -.50515 -.0021313 -.015132 
100 -.0070405 -.049987 -.0066998 -.0475568 -.0021313 -.015130 +.00058221 +.0041337 
160 -.0033851 -.024034 -.0030564 -.021700 +.000064496 +.00045792 +.0012963 +.0092034 
200 -.0011007 -.0078151 -.00088150 -.0062587 +.00091601 +.0065036 +.0015556 +.011045 
*Y = 35.0587 + .7126N - .004352N2 + .5255P - .00310?% + .2546K - .001624x2 - .002255PK; 
Y = 35.0587A + .50920269$ - .000010807128$2a"^ (Equation 102), 
Table 6, Marginal rates of substitution between land, labor, and fertilizer for com in U.S.A., 
Iowa 
Yi = 85.29 bu.a Y2 = 84.77 bu.* Y3 = 63.27 bu.* Y4 = 42.18 bu.* 
i 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.01935 -.13739 -.019350 -.13739 -.019350 13739 -.019350 -.13739 
20 -.016985 -.12059 -.016966 -.12046 -.015819 -. 11231 -.013000 -.092303 
40 -.013104 -.093036 -.013046 -.092628 -.0096424 -. 068401 -.0034852 -.024745 
60 -.0080924 -.057456 -.0079997 -.056797 -.0034852 -. 024745 +.0010037 + .007126 
80 -.0036469 -.025893 -.0035565 -.025251 +.000022347+. 00015886 +.0025003 + .017752 
100 -.00074699 -.0053036 -.00068022 -.0048296 +.0016804 +. 011931 +.0030932 + .021961 
^ = 41.768 + .68305P2+ .89548K - .01038?% - .008949x2 + .004541PK; Y = 41.768A + .80822383$ -
.0037599203*24-1 (Equation 103). 
Table 7. Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(Iowa) 
$ 
Yi = 78. 40 bu.* II 78.12 bu.* Y3 = 6S 1.34 bu.a Y4 = 46.23 bu.a 
3A/aF 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.011319 -.080367 -.011319 -.080367 -.011319 -.080367 -.011319 -.080367 
10 -.0094196 -.066879 -.0094119 -.066824 -.0091402 -.064895 -.0078621 -.055821 
20 -.0071373 -.050675 -.0071196 -.050549 -.0064996 -.046147 
-.0037292 -.026477 
30 -.0046773 -.033209 -.0046503 0.033017 -.0037292 -.026477 -.00019630 -.0013937 
40 -.0023373 -.016595 -.0023052 -.016367 -.0012457 -.0088446 +.0021413 +.015204 
50 -.00035102 -.0024922 -.00031857 -.0022619 +.00071258 +.0050593 +.0035364 +.025108 
^ = 60,559 + .7856P + .592634K - .017444?% - .01323x2 + .004052PK; Y = 60.559A + .6854804$ 
.0065879852*2 A" 1 (Equation 104). 
Table 8. Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(Iowa) 
= 89.11 bu.* Y = 74.32 bu.* Yg = 66.54 bu.* Y^ = 44.36 bu.* 
i aA/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0028823 -.020464 -.0028823 -.020464 -.0028823 -.020464 -.0028823 -.020464 
40 -.0026326 -.018691 -.0025763 -.018291 
-
.0025353 
-
.018001 
-.0023244 -.016503 
80 -.0023273 -.016524 -.0021907 -.015554 -.0020898 -.014838 -.0015683 0 .011135 
120 -.0019698 -.013966 
-.0017372 -.012334 -.0015683 -.011135 -.00077679 -.0055152 
160 -.0015754 -.011185 -.0012526 -.0088933 -.0010299 -.0073126 
-.00015013 -.0010659 
200 -.0011709 -.0083131 -.00078811 -.0055956 -.00054364 -.0038598 + .00026353 + .0018711 
240 -.00078642 -.0055836 0 .00038544 -.0027366 -.00015013 
-.0010659 + .00051953 + .0036887 
280 -.00044552 -.0031632 
-.000061727 -.00043826 + .00014661 + .0010409 + .00067878 + .0048193 
320 -.00015919 -.0011302 + .00018679 +.0013262 + .00036299 + .0025772 + .00078110 + .0055458 
*Y = 58.7647 + .16937848N - .00024860957N^; Y = 58.7647A + .16937848$ - .00024860957$^A"^ 
(Equation 105). 
Table 9. Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(Kansas) 
$ 
Y2 = 86.96 bu.* T
T 00 II 
.10 bu.a Y3 = 76. 74 bu.a Y4 = 51. 16 bu.a 
3A/3F 3L/9F 8A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0044885 -.026033 -.0044885 -.026033 ; -.0044885 -.026033 -.004485 -.026033 
20 -.0037872 -.021966 -.0037611 -.02185 -.0036842 -.021368 -.0032244 -.018701 
40 -.0029688 -.017219 -.0029101 -.016879 -.0027371 -.015875 -.0017336 -.010055 
60 -.0020866 -.012102 -.0019961 -.011577 
-
.0017336 -.010055 -.00036681 -.0021275 
80 -.0012188 -.0070688 -.0011063 -.0064163 
-
.00078848 -.0045732 +.00064279 +.0037282 
100 -.0004377 -.0025388 -.00031713 -.0018394 + .000012795 +.000074213 +.0013064 +.0075773 
®Y = 69.38 + .311406N - .001379N2; Y = 69.38A + .311406$ - .001379$2A-1 
Table 10, Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(North Carolina) 
$ 
Yj = 56 .44 bu.* Y2 = 55 .33 bu.* Y3 = 35. 36 bu.* Y4 = 23 .58 bu.* 
3A/3F aL/3F 3A/8F 3L/3F 3A/3F 3L/9F 3A/3F 3L/3F 
o -.044805 -.67208 -.044805 -.67205 -.044805 -.67205 -.044805 -.67205 
20 -.041709 -.62564 -.041618 -.62427 -.038252 -.57377 -.030373 -.45559 
40 -.034790 -.52186 -.034386 -.51579 -.019281 -.28922 -.0038654 -.057981 
60 -.022030 -.33045 -.021159 -.31738 -.0038654 -.057981 +.0017066 +.025598 
80 -.0095123 -.14268 -.0087645 -.0087645 -.13147 +.00076946 +.011542 +.0029224 
100 -.0028681 -.043022 -.0024509 -.36763 +.0022850 +.034275 +.0033462 +.050193 
*Y = 15.4 + .6900N - .0029x2; Y = 15.4A + .6900$ - .0029$2a-1 (Equation 107). 
Table 11. Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(North Carolina) 
$ 
CM II iH 
>
-
74 bu.* ^2 " 40. 39 bu.* Yg = 32.78 bu.a V 21" 85 bu.a 
3A/aF 3L/3F 8A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.012377 -.18566 -.012377 -.18566 -.012377 -.18566 -.012377 -.18566 
20 -.010772 -.16158 -.010658 -.15987 -.01047 -.15220 -.0085877 -.12882 
40 -.0084728 -.12709 -.0081649 -.12247 -.0068012 -.10202 -.0032267 -.048400 
60 -.0056829 -.085244 -.0051897 -.077846 -.0032267 -.048400 +.00027330 +.0041004 
80 -.0030122 -.045184 -.0024717 -.037075 -.00060934 -.0091401 +.0018083 +.027125 
100 -.00095987 -.014398 -.00049551 -.0074326 +.00093603 +.014040 +.0024921 +.037381 
= 25.16 + .31141N - .001379N^; Y = 25.16A + .31141$ - .001379$^A"^ (Equation 108). 
1 
Table 12. Marginal rates of substitution between land, labor and fertilizer for com in the U.S.A., 
(North Carolina) 
$ 
Y^ = 51 .48 bu.* Yg = 48. 03 bu.* Y,=42. 29 bu.* Y4 = 28. 19 bu.* 
3A/3F 3L/aF 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 .0064815 -.097223 -.0064815 -.097223 -.0064815 -.097223 -.0064815 -.097223 
20 -.005647 -.084704 -.0055791 -.083686 -.0054379 -.081568 -.0048024 -.072036 
40 -.0046083 -.069125 -.0044452 -.06678 -.0041058 -.061586 -.0026320 -.039480 
60 -.0034241 -.051362 -.0031618 -.047427 -.0026320 -.039480 -.00067177 -.010076 
80 -.0022185 -.033277 -.0018889 -.028334 -.0012598 -.018897 +.00063662 +.0095492 
100 -.0011265 -.016897 -.00078063 -.011709 -.00016156 -.0024234 +.0014026 +.021039 
120 -.00022875 -.0034312 +.000092844 +.0013927 +.00063662 +.0095492 +.0018475 +.027712 
*Y = 36.55 + .2369N - .00094%%; Y = 36.55A + .2369$ - .00094$2a-1 (Equation 109). 
Table 13, Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(Michigan) 
4> 
Y^ = 168. 82 bu.^ ^2 = 167" 38 bu. * Y3 = 145. 78 bu * Y4 = 97. 18 bu. & 
3A/3F 3L/3F 3A/8F 3L/3P 3A/3F 9L/3F 9A/3F 3L/3F 
0 -.0050254 -.095482 -.0050254 -.095482 -.0050254 " .095482 -.0050254 -.095482 
20 -.0044505 -.084560 -.0044451 -.084456 -.0043489 
-
.082630 -.0039531 
-
.075108 
40 -.0037619 -.071476 -.0039491 -.071233 -.0035235 -c066947 -.0025976 
-
.049354 
60 -.0029838 -.056691 -.0029629 -.056295 -.0025976 
-
.049354 
-.0012226 -.023229 
80 -.0021680 -.041191 -.0021400 -.040660 -.0016624 
-
.031586 -.00010959 -.0020821 
100 -.0013800 -.026220 -.0013476 -.025605 -.00081399 
-
.015466 + .00066460 * .012627 
120 -.00067504 -.012826 -.00064154 -.012189» -.00010959 -.0020821 + .0011703 + .022235 
140 -.000081957 -.0015572 -.000049956 -.00094917 +.00044117 + .0083822 + .0014988 + .028477 
^ = 104.08269 + .0737N + .05002P - .00033n2 - .00006p2 _ .00003NP; Y = 104.08269A 
+ .07370* - .00033$2A-1 (Equation 110). 
Table 14. Marginal rates of substitution between land, labor and fertilizer for com in the U.S.A., 
(Louisiana) 
$ 
Y^ = 83. 20 bu.* Yg = 82 .65 bu.B Y, = 66. 01 bu.a Y4 = 44. 01 bu.a 
3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.014971 -.14971 -.014971 -.14971 -.014971 -.14971 -.014971 -.14971 
10 -.013861 -.013861 -.013853 -.13853 -.013523 -.13523 -.012614 -.12614 
20 -.012443 -.12443 -.012422 -.12422 -.011575 -.11575 
-.0091543 -.091543 
30 -.010702 -.10702 -.010664 -.10664 -.0091543 -.91543 -.0052004 -.052004 
40 -.0086996 -.086996 -.0086438 -.086438 -.0064979 -.064979 -.0019034 -.019034 
50 -.0065848 -.065848 -.0065146 -.065146 -.0039843 -.039843 + .00028293 +.0028293 
60 -.0045540 -.045540 -.0044770 
-
.044770 -.0019034 -.019034 + .0016081 +.016081 
70 -.0027681 -.027681 -.0026923 -.026923 -.00033162 -.0033162 + .0024108 +.024108 
80 -.0013011 -.013011 -.0012320 
-.012320 +.00080173 +.0080173 + .0029142 +.029142 
90 -.00014779 -.0014779 -.000087597 -.00087597 +.0016081 +.016081 + .0032438 +.032438 
^ = 49.37985 + .739285N - .0040401785N^; Y = 49.3798A + .739285$ - .0040401785$^A"^ 
(Equation 111). 
Table 15. Marginal rates of substitution between land, labor, and fertilizer for com in the U.S.A., 
(Florida) 
Yj = 68.42 bu.* Yg = 64.13 bu.* Yg = 43.30 bu.* Y^ = 28.87 bu.* 
* 3a/3f al/3f 3a/3f 3l/3f 3a/3f 3l/3f 3a/3f 3l/3f 
0 -.0098983 -.12967 -.0098983 -.12967 -.0098983 -.12967 -.0098983 -.12967 
40 -.0095085 -.12456 -.0094763 -.12414 -.0091977 -.12049 -.0086350 -.11312 
80 -.0089215 -.11687 -.0088228 -.11558 -.0078649 -.10303 -.0056309 -.073765 
120 -.0080402 -.10533 -.0078192 -.10243 -.0056309 -.073765 -.0020681 -.027092 
160 -.0067829 -.088856 -.0063838 -.083627 -.0030883 -.040456 -.00030788 -.0040333 
200 -.0052013 -.068137 -.0046425 -.060817 -.0012891 -.016887 + .00037245 +.0048791 
240 -.0035672 -.046730 -.0029730 -.038947 -.00030788 -.0040333 + .00066819 +.0087533 
280 -.0021965 -.028774 -.0016867 -.022092 +.00020904 + .0027384 + .00081703 +.010703 
320 -.0012072 -.015814 ^.00081730 -.010707 +.00049665 + .0065061 + .00090103 +.011804 
360 -.00054220 -.0071028 -.00025579 -.0033509 +.00066819 + .0087533 + .00095268 +.012480 
400 -.00010172 -.0013325 +.00010864 +.0014232 +.00077713 + .010180 + .00098656 +.012924 
®Y = 22.4703 + .28936N + .18812P + .24826K - .0017404N2 _ .000454?% - .001464K^ + .000195HPK; 
Y = 22.4703A + .222141424$ - .00027139027$2a-1 (Equation 112). 
Table 16. Marginal rates of sWastitution between land, labor, and fertilizer for cotton in the U.S.A. 
(Mississippi) 
Yj^ = 16.98 bu.* Yg = 16.78 bu.* Yg = 11.99 bu.a Y^ = 8.00 bu.* 
$ 3A/3F 3L/3F 3A/9F 3L/3F aA/3F 3L/3F 3A/3F 3L/3F 
0 -.0072098 -.57678 -.0072098 -.57678 -.0072098 -.57678 -.0072098 
-
.57678 
40 -.0068137 -.54509 -.0068080 -.54464 -.0066007 -.52806 -.0061561 
-
.49249 
80 -.0062418 -.49934 -.0062254 -.49803 -.0055932 -.44745 -.0041224 -.32979 
120 -.0054407 -.43525 -.0054071 -.42410 -.0041224 -.32979 -.0017759 
-
.14207 
160 -.0044050 -.35240 -.0043506 -.34805 -.0024896 
-
.19916 -.00034219 -.27375 
200 -.0032395 -.25916 -.0031694 -.25355 -.0011821 
-
.094567 +.00032710 + .026168 
240 -.0021357 -.17086 -.0020632 -.16505 -.00034219 
-
.027375 +.00064769 + .051815 
280 -.0012417 -.099338 -.0011778 -.094222 +.00015826 + .012661 +.00081700 + .06360 
320 -.00058835 -.047068 -.00053686 -.042949 +.00045928 + .036743 +.00091506 + .073205 
360 -.00013273 -.010619 -.000092809 -.0074248 +.00064769 + .051815 +.00097626 + .078101 
^ = 7.21 + .10726N + ,036425P + .013915K - .00060682%% - .00017155p2 _ ,00014371k2 + 
.000083470NP + .00019408NK + .00004833PK; Y = 7.21A + .051982618$ - .000069480366$2a-1 
(Equation 113). 
Table 17, Marginal rates of substitution between land, labor, and fertilizer for cotton in the U.S.A., 
(Louisiana) 
Yj^ = 1990.73 bu.a = 1979.99 bu.* Yg = 1300.50 bu.* Y^ = 867.00 bu.* 
$ 3A/aF 3L/3F 3A/3F aL/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.013275 -1.0620 -.013275 -1.0620 -.013275 -1.0620 -.013275 -1.0620 
40 -.012624 -1.0099 -.012620 -1.0096 -.012111 -.96890 -.011065 -.88517 
80 -.011520 -.92159 -.011504 -.92032 -.0095484 -.76387 -.0053982 -.43186 
120 -.0096889 -.77511 -.0096520 -.77216 -.0053982 -.43186 -.0010434 -.083474 
160 -.0070768 -.56614 -.0070149 -.56119 -.0020309 -.16247 +.00035620 +.028496 
200 -.0043202 -.34562 -.0042524 -.34020 -.00038641 -.03913 +.00083824 +.067059 
240 -.0022293 -.17834 -.0021756 -.17405 +.00035620 +.028496 +.0010464 +.083714 
280 -.00093007 -.074405 -.00089304 -.071443 +.00072355 +.057884 +.0011528 +.092224 
320 -.00016579 -.013263 -.00014081 -.011265 +.00092542 +.074033 +.0012139 +.097110 
\ = 621.0084 + 8.24376F - .012404f2; Y = 621.0084A + 8.24376$ - .012404$^A"^ (Equation 114). 
Table 18. Marginal rates of substitution between land, labor, and fertilizer for peanuts in U.S.A., 
(Florida) 
0 
Yl = 1797.52 lbs.* Y2 = 1763.19 lbs.* ^3 = 1591.94 lbs.* Y4 = 1061. 30 lbs.* 
aA/aF aL/aF aA/aF aL/aF aA/aF aL/aF aA/aF aL/aF 
o -.0040747 -.10350 -.0040747 -.10350 -.0040747 -.10350 -.10350 -.0040747 
20 -.0034863 -.088551 -.0034738 -.088236 -.0034032 -.086441 -.0030231 -.076788 
40 -.0028071 -.071301 -.0027793 -.070593 -.0026208 -.066567 -.0017837 -.045306 
60 -.0020723 -.052636 -.0020287 -.05129 -.0017837 -.045306 -.00059643 -.015149 
80 ..0013347 -.033903 -.0012788 -.032482 -.00097100 -.024663 +.00034215 +.0086905 
100 -.00064855 -.016473 -.00058606 -.014886 -.00025112 -.0063784 +.00099952 +.025388 
= 1420.78 + 24.00k - .22k2 + 106.iip - 8.47?% - 6.88kp; y = 1420.78a + 5.7889768$ 
.024152502$2a-1 (Equation 115). 
Table 19, Marginal rates o£ substitution between land, labor and fertilizer for barley in Canada 
$ 
Yi= 35.08 bu.* Yg = 33.09 bu.* Y3= 24. 78 bu.* Y4 = 16.52 bu.* 
dA/dF  3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.026496 -.081871 -.026496 -.081871 -.026496 -.081871 -.0266496 -.081871 
10 -.024656 -.075186 -.024522 -.075773 -.023669 -.073137 -.021630 -.066835 
20 -.022020 -.068043 -.021641 -.066870 -.01909 -.059045 -.012960 -.040046 
30 -.018441 -.056983 -.017701 -.054696 -.012960 -.040046 -.0044681 -.013806 
40 -.014090 -.043538 -.012992 -.040145 -.0069040 -.021333 +.00018687 +.00057743 
50 -.0095940 -.029645 -.0083320 -.025746 -.0025121 -.0077622 +.0023302 +.0072003 
60 -.0056846 -.017575 -.0045007 -.013907 +.00018687 +.00057743 +.0033769 +.010435 
70 -.0027076 -.083664 -.0017268 -.0053358 +.0017864 +.0055200 +.0039420 +.012181 
80 -.00060044 -.0018554 +.00016652 +.00029794 +.0027590 +.0085252 +.0042755 +.013211 
= 16,4643 + 0,8114P + 0,2389N - .0208p2 - .0025X2 + .0039NP; Y = 16.4643A + .462264$ 
,002663710542a-1 (Equation 116), 
Table 20. Marginal rates of substitution between land, labor and fertilizer for cereal in Sweden 
$ 
Yi = 268, .33 Y2= 266 .90 
t—1 CN CN II 
.66 Y4 = 147 .77 
BA/3F aL/3F aA/3F 3L/aF 8A/3F 3L/3F 3A/3F 3L/3F 
0 -.0045362 -.45362 -.0045360 -.45360 -.0045362 -.45362 -.0045362 -.45362 
40 -.0039177 -.39177 -.0039138 -.39138 -.0037610 -.37610 -.0032619 -.32619 
80 -.0030972 -.30972 -.0030874 -.30874 -.0027038 -.27038 -.0015404 -.15404 
120 -.0021427 -.21427 -.0021270 -.21270 -.0015404 -.15404 -.00016145 -.016145 
160 -.0012102 -.12102 -.0011916 -.11916 -.00054753 -.054753 +.00060429 +.060429 
200 -.00043958 -.043958 -.00042170 -.042170 +.00015247 +.015247 +.00099486 +.099486 
= 176.42 + 1.05735X1 + .543405X2 - .000128x} - .006231x1 - .OOO6I6X1X2; Y = 176.42A 
+ .80027$ - .001742«2a-1 (Equation 117). 
Table 21. Marginal rates of substitution between land, labor, and fertilizer for com in U.A.R. 
$ 
Y^ = 16, .55 bu.* ^2 = 15.99 bu.* Yj = 13. 21 bu.* Y^ = 8.81 bu.* 
3A/3F 3L/3F aA/3F 9L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0065711 -1.2814 -.0065711 -1.2814 -.0065711 -1.2814 -.0065711 -1.2814 
20 -.0060479 -1.1793 -.0060272 -1.1753 -.0058949 -1.1495 -.0054791 -1.0684 
40 -.0053934 -1.0517 -.0053424 -1.0418 -.0050108 -.97711 -.0039416 -.76861 
60 -.0046081 -.89859 -.0045187 -.88115 -.0039416 -.76861 -.0022277 -.43440 
80 -.0037229 -.72596 -.0035938 -.70078 -.0027888 -.54382 -.00078700 -.15346 
100 -.0028009 -.54617 -.0026410 -.51499 -.0017000 -.33510 +.00019745 +.03803 
120 -.0019195 -.37429 -.0017452 -.34032 -.00078700 -.15346 +.00081359 +.15865 
140 -.0011405 -.22240 -.00096868 -.18889 -.000082752 -.016137 +.0011964 +.23331 
160 -.00049300 -.096135 -.00033511 -.065346 +.00043657 +.085132 +.0014410 +.28100 
= 10.423 + .68504N - .0001939x2; Y = 10.423A + .68504$ - .0001939*24-1 (Equation 118). 
Table 22. Marginal rates of substitution between land, labor and fertilizer for com in U.A.R, 
Yi = 22.34 bu. Y2 = 21.85 bu. y3 = 19.43 bu. Y A = 12.95 bu. 
3A/aF aL/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
o -.0040017 -.78033 -.0040017 -.78033 -.0040017 -.78033 -.0040017 -.78033 
20 -.0035778 -.69767 -.0035674 -.69564 -.0035080 -.68406 
- .0032267 -.62921 
40 -.0030849 -.60156 -.0030610 -.59690 -.0029249 -.57036 - .0022763 -.44388 
60 -.0025357 -.49447 -.0024969 -.48689 -.0022763 -.44388 -.0012797 -.24954 
80 -.0019557 -.38136 -.0019026 -.37101 -.0016063 -.31323 -.00039850 -.077707 
100 -.0013783 -.26878 -.0013145 -.25633 -.00096668 -.18850 + .00028185 +.054961 
120 -.00083652 -.16312 -.00076692 -.14955 -.00039850 -.077707 + .00076771 +.14970 
140 -.00035376 -.068984 -.00028338 -.055260 +.000078353 +.015279 + .0011048 +.21543 
^ = 17.005 + .0688504n - .0002168n2; y = 17.005a + .068504$ - .0002168$2a-1 (Equation 119). 
Table 23. Marginal rates of substitution between land, labor, and fertilizer for com in U.A.R. 
$ 
yj = 13 .97 bu.* II 13.01 bu.* y3 = 11. 25 bu.* y^ = 7.50 bu.* 
3A/3F 3L/3F 3A/aF 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0047119 -.91882 -.0047119 -.91882 -.0047119 -.91882 -.0047119 -.91882 
40 -.0039440 -.76907 -.0038765 -.75591 -.0037184 -.72509 -.0030784 -.60030 
80 -.0029281 -.57098 -.0027625 —.53868 -.0023812 -.46434 -.0010364 -.20209 
120 -.0017981 -.35063 -.0015546 -.30314 -.0010364 -.20209 +.00032946 +.064245 
160 -.00077954 -.15201 -.00052307 -.10200 -.000028547 -.0055666 +.00099189 +.19342 
200 -.0000082510 -.0016089 *.00021324 +.041583 +.00060806 +.11857 +.0013107 +.25559 
*y = 9.489 + .044711n - .00011149n2; y = 9.489a + ,044711$ - .00011149$2a-1 (Equation 120). 
Table 24. Marginal rates of substitution between land, labor and fertilizer for cotton in U.A.R. 
* 
Y2 = 7.87 kentar* Yg = 7. 86 kentar* Yg = 6.55 1 kentar* Y4 = 4.37 kentar® 
3A/aF 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.012136 -9.7088 -.012136 -09.7088 -.012136 —$097088 -.012136 -9.7088 
10 -.011027 -8.8217 -.011025 -8.8203 -.010773 -8.6185 -.0099499 -7.9599 
20 -.0096569 -7.7253 -.0096524 -7.7219 -.0090349 -7.2279 -.0069884 -5.5907 
30 -.0080439 -6.4351 -.0080367 -6.4293 -.0069884 -5.5907 -.0037940 -3.0352 
40 -.0062737 -5.0189 -.0062635 -5.0108 -.0048319 -3.8655 -.0011375 -.910041 
50 -.0044859 -3.5887 -.0044735 -3.5788 -.0028213 -2.2571 +.00069637 +.55709 
60 -.0028274 -2.2619 -.0028142 -2.2514 -.0011375 -9.1004 +.0018656 +1.4925 
70 -.0013979 -1.1183 -.0013850 -1.1080 +.00017105 +.13684 +.0026054 +2.0843 
80 -.00023040 -.18432 -.00021865 -.17492 +.0011476 +.91804 +.0030850 +2.4680 
^ = 5.24715 + .06368n - .00038698n2; y = 5.24715a + .06368$ - .00038698*24-1 (Equation 121). 
Table 25. Marginal rates of substitution between land, labor and fertilizer for cotton in U.A.R. 
$ 
Yi = 11. 50 kentar^ Yg = 11. 49 kentar^ Y3 = 9.71 kentar* Y^ = 6.47 kentar* 
3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0064020 -5.1216 -.0064020 -5.1216 -.0064020 -5.1216 -.0064020 -5.1216 
20 -.0056855 -4.5484 -.0056839 -4.5471 -.0055336 -4.4268 -.0050061 -4.0049 
40 -.0047929 -3.8343 -.0047889 -3.8311 -.0044230 -3.5348 -.0031501 -2.5201 
60 -.0037566 -3.0053 -.0037499 -2.9999 -.0031501 -2.5201 -.0013095 -1,0476 
80 -.0026632 -2.1306 -.0026543 -2.1234 -.0018846 -1.5077 +.00005760 + .046088 
100 -.0016252 -1.3002 -.0016151 -1.2921 -.00079152 -.63322 +.00091919 +.73535 
120 -.00072977 -.58382 -.00071974 -.57579 +.000057610 +.046088 +.001439 +.11515 
140 -.000010404 -.0083232 -.0080012572 -.0010058 +.00067857 +.54286 +.0017596 +.14077 
= 7.9358 + 1.67657N - .19714x2; Y = 7.9358A + 1.67657$ - .19714$2A-1 (Equation 122). 
Table 26. Marginal rates of substitution between land, labor, and fertilizer for cotton in U.A.R. 
$ 
Yi« 7.84 kentar* Yg = 7. 80 kentar* Yj = 7.12 kentar* Y4 = 4.74 kentar®" 
3A/3F 3L/3F 3A/aF 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.0038973 -3.1178 -.0038973 -3.1178 -.0038973 -3.1178 -.0038973 -3.1178 
20 -.0032754 -2.6203 -.0032720 -2.6176 -.0032066 -2.5652 -.0028187 -2.2549 
40 -.0025630 -2.0504 -.0025556 -2.0445 -.0024105 -1.9284 -.0015706 -1.2565 
60 -.0018029 -1.4423 -*0017916 -1.4333 -.0015706 -1.2565 -.00040001 -.32001 
80 -.0010545 -.84360 -.0010402 -.83218 -.00076678 -.61343 +.00051028 +.40823 
100 -.00037294 -.29835 -.00035728 -.28582 -.000063757 -.51005 +.0011423 +.91386 
»Y = 6.43115 + .82713N - .12143n2; Y = 6.43115A + .82713$ - .12143$2a-1 (Equation 123). 
Table 27. Marginal rates of substitution between land, labor, and fertilizer for wheat in U.A.R. 
$ 
yj = 7.43 ardab* II 28 ardab* y3 = 6.14 ardab* y4 = 4.09 ardab* 
da/3f al/3f 3a/3f sl/ap 3a/3f al/3f aa/3f 3l/af 
0 -.010974 -3.4020 -.010974 -3.4020 -.010974 -3.4020 -.010974 -3.4020 
10 -.010036 -3.1113 -.010014 -3.1045 -.0098145 -3.0425 -.0091233 -2.8282 
20 -.0088960 -2.7578 -.0088436 -2.7415 -.0083596 -2.5915 -.0066524 -2.0622 
30 -.0075645 -2.3450 -.0074751 -2.3173 -.0066524 -2.0622 -.0039279 
-1.2177 
40 -.0060955 -1.8896 -.0059683 -1.8502 -.0048266 -1.4962 -.0015359 -.47612 
50 -.0045826 -1.4206 -.0044254 -1.3719 -.0030693 -.95147 +.00021822 +.067647 
60 -.0031343 -.97162 -.0029608 -.91786 -.0015359 -.47612 +.0013905 +.43105 
70 -.0018376 -.56966 -.0016627 -.51545 -.00029428 -.091226 +.0021555 +.66821 
80 -.00073741 -.22860 -.00057232 -.17742 +.00066530 +.20624 +.002661 +.82494 
^ = 5.009 + .054969n - .00031221n2; y = 5.009a + ,054969$ - .00031221*24-1 (Equation 124). 
Table 28. Marginal rates of substitution between land, labor, and fertilizer for wheat in U.A.R. 
Yj = 7. 38 ardab* Y2» 7. 12 ardab* Yg= 5.57 ardab* Y4 = 3. 71 ardab* 
3A/aF 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.012378 -3.8371 -.012378 -3.8371 -.012378 -3.8371 -.012378 -3.8371 
20 -.011155 -3.4582 -.011101 -3.4413 -.010647 -3.3005 -.0094245 -2.9216 
40 -.0094003 -2.9141 -.0092498 -2.8674 -.0079690 -2.4704 -.0047351 -1.479 
60 -.0071324 -2.2111 -.0068636 -2.1277 -.0047351 -1.4679 -.00093949 -.29124 
80 -.0046783 -1.4503 -.0043338 -1.3435 -.0019647 -.60907 +.00093880 +.29103 
100 -.0025138 -.77927 -.0021747 -.67415 -.00014139 -.43831 +.0017974 +.55718 
120 -.00089100 -.27621 -.00060740 -.18829 +.00093879 +.29103 +.0022253 +.68984 
^ = 4.0150 + .049696N - .00018365N2; Y = 4.0150A + .049696$ - .00018365$2^-1'(Equation 125). 
Table 29. Marginal rates of substitution between land, labor, and fertilizer for paddy in U.A.R. 
$ 
Yi = 5967. 04 dariba* Y2 = 5854 .32 dariba* Ys = 5107. 16 dariba* Y4 = 3404. 77 dariba* 
3A/3F ôL/aF 3A/3F 3L/SF aA/aF aL/aF aA/aF aL/aF 
0 -.0035922 -1.0777 -.0035922 -1.0777 -.0035922 -1.0777 -.0035922 -1.0777 
40 -.0029983 -.89950 -.0029853 -.89559 -.0028824 -.86473 -.0024498 -.74393 
80 -.0022550 -.67649 -.0022242 -.66726 -.0019830 -.59489 -.0010446 -.31337 
120 -.0014418 -.43254 -.0013953 -.41860 -.0010446 -.31337 +.000063822 +.019146 
160 -.00068323 -.20497 -.00063012 -.18904 -.00025085 -.075254 +.00071241 +.21372 
200 -.000068077 -.020423 -.000017540 -.0052619 +.00032484 +.097452 +.0010635 +.31906 
»Y = 4360.0 + 413.478N - 26.598n2; Y = 4360.OA + 413.478* - 26.598$2a-1 (Equation 126). 
Table 30. Marginal rates of substitution between land, labor, and fertilizer for wheat in India 
« 
Y^ = 28. 73 maunds* 
00 (N II 
10 maunds* Yg = 17.18 maunds^ Y4 = 11.46 maunds* 
3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.053650 -6.4379 -.053650 -6.4379 -.053650 -6.4379 -.053650 -6.4379 
20 -.051027 -6.1232 -.050941 -6.1129 -.047619 -5.7143 -.039671 -4.7605 
40 -.045110 -5.4132 -.044708 -5.3649 -.026643 -3.1972 -.0058914 -.70697 
60 -.032454 -3.8945 -.031340 -3.7607 -.0058914 -.70697 +.0011514 +.13817 
80 -.016114 -1.9337 -.014876 -1.7852 +.000037103 +.0044523 +.0025337 +.30405 
100 -.0059976 -.71971 -.0052855 -.63426 +.0018191 +.21829 +.0029942 +.35930 
120 -.0015180 -.18216 -.0098940 -.13747 +.0025337 -.30405 +.0031990 +.38388 
= 6.26971 + 0.138127N - .002508N2 + .585044P - 0.08321?% + .00464NP; Y = 6.26971A + 
.33636672$ - .0012689113$2A-1 (Equation 127). 
Table 31. Marginal rates of substitution between land, labor, and fertilizer for rice in India 
« 
Yi « 34. 80 maunds* Yg = 34. 24 maunds* II to 21 maunds* Y4 = 16. 14 maunds* 
dA/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.026332 -5.3980 -.026332 -5.3980 -.026332 -5.3980 -.026332 -5.3980 
20 -.023597 -4.8374 -.023537 -4.8250 -.021732 -4.4551 -.017547 -3.5970 
40 -.018572 -3.8072 -.018364 -3.7646 -.012333 -2.5282 -.0035854 -.73500 
60 -.011407 -2.3385 -.011051 -2.2655 -.0035854 -.73500 +.0013805 +.28299 
80 -.0050407 -1.0333 -.0047169 -.96697 +.00040401 +.082822 +.0027625 +.56632 
100 -.0012179 -.24966 -.0010021 -.20544 +.0020207 +.41424 +.0032777 +.67192 
= 14.17279 + .42042N - .00517X2 + .329? - .00399p2 + ,00234NP; Y = 14.17279A + .37319997$ 
- .0016882872*24-1 (Equation 128). 
Table 32. Marginal rates of substitution between land, labor, and fertilizer for rice in India 
« 
Yi » 13. 24 maunds* Y2 = 12 .76 maunds* Y3 = 10. 03 maunds* Y4 = 6.68 maunds^ 
3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 3A/3F 3L/3F 
0 -.033816 -6.9322 -.033816 -6.9322 -.033816 -6.9322 -.033816 -6.9322 
10 -.028525 -5.8476 -.028270 -5.7953 -.026211 -5.3732 -.020555 -4.2137 
20 -.020373 -4.1765 -.019671 -4.0326 -.014298 -2.9310 -.0038298 -.78511 
30 -.011013 -2.2577 -.010037 -2.0575 -.0038298 -.78511 +.0035101 +.71957 
40 -.0035956 -.73711 -.0027395 -5.6159 +.0018881 +.38705 +.0060526 +1.2408 
X 7.29476 + .08675N - .00057N2 + .27540P - .00377?%+ .0015324NP; Y = 7.29476A + .24667878$ 
- .0026448703*2A-1 (Equation 129). 
Table 33. Marginal rates of substitution between land, labor, and fertilizer for maize in India 
$ 
Yi = 2132.15 kg.* Yg = 2132.09 kg.* Yg = 1498.44 kg.* Y4 = 998.96 kg.* 
BA/3F BL/BF aA/BF dL/dF 3A/3F 3L/BF aA/3F 3L/9F 
0 -.013354 -2.4706 -.013354 -2.4706 -.013354 -2.4706 -.013354 -2.4706 
40 -.011958 -2.2123 -.011958 -2.2122 -.011038 -2.0420 -.0089253 -1.6512 
80 -.0093770 -1.7347 -.0093769 -1.7347 -.0062867 -1.1630 -.0018416 -.34071 
120 -.0057033 -1.0551 -.0057030 -1.0551 -.0018416 -.34070 +.00068594 +.12690 
160 -.0024778 -.45839 -.0024775 -.45834 +.00018917 +.034996 +^0013884 +.25686 
200 -.00056647 -.10480 -.00056630 -.10476 +.0010115 +.18713 +.0016500 +.30525 
^ = 1552.7712 + 27.249573N + 3.2279936P - .2172736X2 - .0006011600p2 - .043654260NP; 
Y = 1552.7712A + 11.54859* - .0263089$2a-1 (Equation 130). 
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C. Farmers and Fertilizer Use 
From the foregoing treatments, the role of fertilizer as a factor 
substitutes land and labor was investigated. The analysis took place with 
respect to some mature economies as well as with respect to some develop­
ing nations. The analysis of the government criteria for allocating its 
funds between fertilizer programs or other agricultural projects like 
land reclamations or more mechanized agriculture, is given in the chapter 
to come. However, in most of the developing nations, where the actual 
fertilization levels are low, and land imposes restrictions on production, 
a recommendation of more fertilization is generally expected. In which 
case a major question faces us, it is: how to get farmers to use 
fertilizer? Although, the answer of such a vital question is beyond the 
scope of this study, a hint towards the answer might be useful. Four 
points are of great interest in this respect, namely 1) the basic techniques 
and methods that motivate farmers to use fertilizer, 2) the importance of 
the availability of fertilizer, 3) the obstacles to farmers acceptance 
of the increased use of fertilizer, and 4) the importance of government 
programs and policies. 
As far as some of the basic techniques in getting farmers to use 
fertilizer, Williams and Custon (68, p. 31) summarize some few basic 
methods as: 
"1. The involvement of individual cultivators in the demonstra­
tions, trials, meetings, and other activities is basic to 
all educational efforts. The cultivator learns far more 
by doing and seeing than by hearing and reading. 
*'2. The co-operation of all local groups interested in 
agriculture, such as merchants, salesmen, farmers organiza­
tions, newspapers, and bankers can increase the effectiveness 
of programs designed to improve agricultural efficiency. 
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Their understanding and support of efforts to increase 
fertilizer use is much to be desired, 
"3. The results from fertilizer demonstrations, trials, and 
experiments should be disseminated through all available 
means of communication--local leaders, local meetings, 
posters, newspapers and radio where possible, and any 
other available. 
"4. Follow up visits, meetings, and other means to assist 
cultivators in adapting and applying the results of 
demonstrations and trials are often of more value than 
the initial contacts. 
"5, Personal contact between individual cultivators and 
advisors is the most effective technique for teaching 
especially where farmers are just beginning to try new 
practices. Often it is more effective in the long run 
to work intensively with a smaller number of cultivators 
than to try to reach a larger number without being able to 
give individual attention to local problems and conditions." 
The importance of availability of fertilizer is essential to insure 
adequate amounts of needed plant nutrients at prices which farmers can 
afford to pay and which will give them a profitable return under existing 
conditions. Another consideration from the supply viewpoint is the 
establishment of an adequate distribution system, including transportation 
and storage. 
The recognition of the conditions and factors which tend to act as 
deterrents to the acceptance of improved production methods can assist in 
developing an effective fertilizer program. Williams and Custon (68, p. 33) 
indicate that "... the most important barriers, and ones requiring 
immediate attention of fertilizer consuiiq>tion is to be increased include: 
"1. Lack of information on the kinds and amounts of 
fertilizer needed. 
"2. Lack of adequate supplies of fertilizer and inadequate 
distribution systems. 
"3. Unfavorable relationships between value of agricultural 
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products and the cost of fertilizer. 
"4, The resistance of cultivators to new ideas. 
"5. Lack of suitable plant varieties, disease and insect 
control measures, and other practices needed for the 
potential from fertilizer to be realized. 
"6. Farm lease arrangements that tend to discourage 
economic use of fertilizer." 
As far as the importance of government programs and policies, it can 
generally speaking, be stated that mainly in the developing nations, 
governments have an important role to play in increasing productivity by 
providing the environment and framework needed to foster the development 
and acceptance of modem agricultural methods, especially fertilization 
practices. 
Concluding this chapter, the importance of fertilizer use today is 
well stated by Lamer (58, p. 636): 
"Whether population increases at a rapid or slow rate, 
humanity will need more food, feed, and fiber. More of these 
products means larger amounts of fertilizers, leading to 
a long time upward trend in fertilizer consumption. This 
trend will continue despite ephemeral economic fluctuations 
because all economic and political systems claim the same 
target: an improved level of living for their population." 
In another place in his book on "The World Fertilizer Economy" (38, p. 638) 
Lamer claims that: 
"Under present economic and political conditions in 
all countries of the world, fertilizers are one of thf 
most important strategic weapons of modem agriculture. 
Agricultural history has passed through various stages in 
its development; at present, it is in the fertilizer epoch." 
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VI. STATISTICAL CONFIDENCE INTERVALS FOR MARGINAL 
PHYSICAL PRODUCTS, ISOQUANTS, AND ISOCLINES 
A. Introduction 
In the foregoing treatments technical and economic quantities were 
computed from the modified land-fertilizer production functions. However, 
no measures of reliability were given for the quantities derived from 
such production functions. Since conclusions and recommendations are 
stated on the bases of these derived quantities, it seems desirable to 
have available measures of reliability for these estimates. 
It is the purpose of this chapter to confute confidence intervals 
for a marginal physical product, an isoquant, and an isocline (expansion 
path), of a chosen land-fertilizer production function. The objective is 
to illustrate the procedure and discuss the significance of some statisti­
cal properties for the land-fertilizer production function specified in 
this chapter. 
B. Analytical Procedure 
Fuller (19) proposed a methodological framework for the computations 
of the confidence intervals for the quantities derived from the estimated 
production functions. This proposal will be used as a basic tool for the 
analysis to follow. Fuller (19, p. 82) believed that: 
"... the derived quantities can in general be expressed 
as functions of the estimated coefficients of the production 
function. Thus the statistical properties of these quantities 
are determined by the statistical properties of the estimated 
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production function coefficients. The following formulation 
for the variances of such quantities will be used extensively. 
Given that a^, a2* •••» ^ are r variables distributed with 
variance-covariance matrix estimated unbiasedly by Z; and Z^, 
Z , .Z are m variables defined by given functions of the 
a's, e.g., Zj = FiCai, ^2» •••» > ^2 = ^2(^1» ^2» 
... etc; then the variance-covariance matrix of the Z's is 
estimated by: 
DZD (131) 
where D is the m by r matrix: 
D = 
BZ^ 
3a 
sai 
3Z]^ 
3a2 
3Z2 
3a2 
dZj 
3ay 
3a_ 
3ai 3a2 3ar 
(132) 
If the elements of D are all constants, i.e., the Z's are 
linear distributions of the a's, expression (131) provides 
unbiased estimates of the variance and covariances of Z's. 
For more complicated functions the estimates of (131) are only 
asympototically unbiased." 
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The establishment of the confidence limits for the quantities derived 
from the chosen land-fertilizer production function is carried out as 
follows. 
The land-fertilizer production function under focus in this study 
is of the form; 
Y = aA + bjF - b2F-2 A"! (133) 
1. Marginal physical productivity 
The marginal physical productivity of land and of fertilizer are: 
MPP^ = H = a + b2F2A-2 
MPPp = H = bi - 2b2F A"1 
(134) 
(135) 
It is clear that these marginal productivity quantities are linear 
functions of the coefficients of the original production function. Thus 
following Fuller's approach, DZD will give an unbiased estimate of the 
variances and covariances of these quantities. 
The "D" matrix for the marginal products is given by: 
D = 
0 F2A-2 
2F A' -1 
(136) 
and: 
Z « S2 (137) 
where [X'X]"^ is the familiar inverse of the sum of the squares and cross 
products matrix, and is the sum of squares residuals devided by the 
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degrees of freedom. 
Hence, the estimated variance-covariance matrix of the marginal 
products of land and fertilizer is: 
D 
1 0 F^A-Z 
0 1 -2FA-1 
<5 
II CM CO 0 a2p 
— -i 
(138) 
p2A-2.2FA-l 
J 
where is estimated variance of the marginal physical productivity of 
2 
land and op is the estimated variance of the marginal physical product­
ivity of fertilizer. 
Equations 139 and 140 give the 95% confidence intervals for the 
marginal physical productivity of land and of fertilizer respectively. 
P{MPPa - t.05 < MPPA < MPPA + t.05- \ 
P{M?Pp - t.o5 
a]) = .95 (139) 
F < MPPp < MPPp + t,05 o2 } = .95 (140) 
F 
2 2 
where MPP is the calculated marginal physical productivity, o. and o_ 
A r 
are variances of MPP and MPP respectively, n is the number of 
obseirvations, and t is the tabular t at .05 probability level and 
n - 2 degrees of freedom. 
2. Isoquant 
For the establishment of the confidence intervals for an isoquant 
the following steps are carried out: 
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Start by finding the confidence intervals for a given Y* 
(i.e., the isoquant output level) at a given F* and A*. 
This can be done by the usual method where: 
D = ^ il 
3a 3b1 3b2 
(141) 
i.e., D = [A F -F^A-l] (142) 
and z = [%'X]-1S2 (143) 
and the variance-covariance matrix of Y is determined by 
DZD". Therefore the limits on Y* can be stated as: 
Y* < Y* < Y* (144) 
By the use of the land-fertilizer production function, the 
limits on Y can be transformed into land equivalence. 
That is, knowing Y* - Yj = YQ and using: 
yJ = aAj + bjF - b2F^Aj"^ (145) 
Therefore at given F*, A* can be solved for. Hence 
confidence intervals for A as: (A^ < A* < A^) Where 
AQ = A* - aJ or AQ = A^ - A* can be determined. Repeating 
the same procedure at different points gives a confidence 
interval around the isoquant function. 
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3. Isocline 
The "k" isocline is defined as the trace of points for which the 
marginal rates of substitution of fertilizer for land is k. This trace 
in our land-fertilizer production function is: 
MRS = ^  = - (146) 
of F for A 3F 
= ZboFA-l -bi 
—=—5—r = ^ (147) 
a + b2F2 A-2 
ak + bgkF^A"^ = 2b2FA'*^ -bj (148) 
A = - bgF ± [b^pZ - b2FVa + b2F^kbi]^^^[ak + bi]"^ (149) 
To set the confidence intervals, the variance of "A" can be determined 
through the DZD procedure such that: 
D = aA 3A 1 
3bi abzj 
^ ip-l (150) 
Solving for D quantities, we obtain: 
M = (151) 
2(aAk + bjA - b2F) 
= Zâi (152) 
3^1 2(aAk + bjA - b2F 
IL 
db 
2AF - kF^ (153) 
2 2(aAk + biA - b2F) 
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Thus the variance of (A) can be solved for. Hence, a confidence 
interval for (A) at F = Fq and A = Ag can be established as; 
P {Ao - t, 
\ 0% 1 Ao i &) + 
t* ) = 1 - * (154) 
where a represents the probability level. Solving for a set of A's 
corresponding to an assigned set of F's, a confidence interval region is 
determined for the isocline function. 
The application of the previous analysis to one production function 
follows. This function is Equation 77 which represents com in Egypt. 
The function is: 
Y = 10.423A + 2.312F - .ZISF^A"^ (155) 
where Y = com in ardab 
F = nitrogen fertilizer in units of 15 kg 
A = land. 
a. The marginal productivities The marginal physical products 
are given by; 
-1 MPPp = 2.312 - .436 FA' 
MPPa = 10.423 + .218 F^A"? 
(156) 
(157) 
and hence the D matrix of the marginal products is given by: 
0 1 -2FA-1 
1 0 F^A-Z 
and since the stimated variance-covariance matrix of the estimated 
(158) 
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production function is given by: 
.76190 
• .46428 
.059523 
-.46428 
.46428 
-.071428 
.059523 
.071428 
.011904 
5.324 (159) 
where = 5.324* 
then the estimated variance-covariance matrix of MPPp and MPPy^ is; 
0 1 
1 0 
-2FA'' 
2 '2 
F A 
^ MPp 
OMPA*MPi 
.76190 
-.46428 
.059523 
OMPA*MPp 
.46428 .059523 
.46428 0.071429 
..071423 .011904 
0 
1 
1 
0 5.374 
-2FAl f?2Aj2 
(160) 
Now, to investigate the marginal products at the points F = 1 and A = 1, 
we substitute in Equation 6 to obtain the variances at these levels of the 
inputs. And given the assumption of normal errors, "t" statistic may be 
used to construct confidence intervals. Thus the 95% confidence interval 
for the marginal product of nitrogen at the point: 
F = 1 and A = 1, is: 
P ^-3.15680 < MPP < + 6.92480 J = 95% (161) 
The similar confidence interval for the marginal product of land (A) is: 
*M. M. El Rouhy, Agronomy Department, Faculty of Agriculture, Alexandria 
University, Alexandria, Egypt. Private communications. 1964. 
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[=• 28207 < MPP^ < 15.99993 = 95% (162) 
b. Isoquants The procedure for the determination of the confi­
dence intervals around the isoquant functions has been explained before. 
This method was used, and the estimated (70) % confidence intervals for 
an isoquant is plotted in Figure 45, however, the procedure followed 
can be summarized as: (a) by applying the DID' technique, the variance 
of Y was determined as: 
= [AF - F^A-l] 
L 
.7190 
-.46428 
.059523 
-.46428 
.46428 
-.071428 
.059523 
-.071428 
.011904 
A 
F 
-F^A-l 
5.324 (163) 
Oy, = [,76190A2 - .92856FA + .345234F2 
+ 1.42956FV1 + .011904F^A-2] [5.324] (164) 
Equation 164 shows the variance of the predicted Y as a function of the 
values of F and A, (b) we assign values for F and A and solve for the 
equivalent at these specified values, (c) knowing this variance, 
intervals around Y can be established, (d) Given the land-fertilizer 
production function, and knowing Y and F, we can solve for A. These A*s 
are plotted in the land-fertilizer isoquant diagram indicating the 
specified confidence interval region (Figure 45). 
c. Isocline The procedure for the determination of confidence 
interval around an isocline function is a direct one as specified before. 
Since D is a function of k, a, b^, b2, F, and A, and we know all these 
constants but F and A, then we assign values for F and A, and solve for 
Figure 45, Map of a land-fertilizer isoquant and an isocline (expansion 
path) with 70% confidence intervals for com production 
in the U.A.R. (Equation 118) 
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the corresponding D and hence DID' and hence at the assigned F and A, 
Repeating this procedure, a set of the variances of (A) at a corresponding 
values of (F) and (A) can be established. An assuming the normality 
criteria, a (1 -a) confidence interval region around the isocline cuirve 
is set up. This region is plotted in Figure 45, 
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VII. POLICY IMPLICATIONS 
The role of fertilizer as a factor substitutes for both land and 
labor was examined in the previous chapters. However, an essential 
question, on a macro-economic policies, is still holds. It is a question 
on how the optimum policies be determined with respect to resource 
allocations in fertilizer investments versus other productive projects? 
An introduction to the theory of economic policy, its characteristics, 
criteria, and set up seems to be useful in the examination of the out­
lined question on decision making. The methodology of programming 
techniques are employed in this chapter as a tool for solving the 
economic policy problems. Moreover, some hypothetical examples are given 
to show the potentiality of achieving the optimum solution and determin­
ing some sensitivity criteria of the specified solution. Also, an 
introduction to the recursive and stochastic programming methods, their 
applications, and their interpretations in the economic policy models are 
outlined. Finally, the link between the specifications of the marginal 
rates of substitution and programming formulation and hence economic policy 
set up are briefly explained. 
The main object of the theory of economic policy is the determination 
of the optimum policy, given the individual preference indicators of 
the citizens of a community. 
Two major classes are usually considered in the determination of 
economic policy types: namely, qualitative and quantitative. Among thé 
qualitative we find anti-trust legislation, tax-exemption clauses, 
tariffs against agricultural imports and government participation in under­
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writing agricultural credit. It is the nature of qualitative economic 
policy to bring about an irrevocable change in the structure of agri­
cultural production. In this study a policy is to be considered 
"quantitative" if it can be meaningfully entered into a system of 
relations, describing, in an approximate way, the adaptation process of 
an economy, 
A, On the Theory of Agricultural Economic Policy 
Three major analytical components are specified as the base of the 
theory of economic policy, 
1, Characterization of the policy problem 
a. Specification of the preference function The concept of the 
social welfare function (to be denoted as 0) in economic policy is best 
interpreted to be operational in nature. In many instances this leads to 
a quantifiable social welfare function. It is assumed that elements 
determining material and spiritual well-being, the opportunities for 
education, the right to participate in a price program or to abstain, 
and the degree of freedom in production and marketing, do not enter 
into the policymakers welfare function. Since many of such elements 
occupy a position of importance in the idealogical formilation of the 
debate on agricultural economic policy, the above elements can be 
"quantified," their economic implications in terms of net farm income, 
total output, prices and factor demands, can be ascertained. Thus, 
the problem of social choice between these alternatives would still exist. 
b. Specification of the quantitative model The welfare function 
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has to be optimized subject to a model. The model sets up a statistical, 
or emperical, relationship essentially between the targets and the 
instruments. 
c. Specification of the restrictions or the boundary conditions 
A set of boundary conditions or restrictions on the targets, the 
instruments, and the other variables are a basic ingredient of the 
economic policy model. 
2. Selection Problem 
Classification of variables by their properties; like randomness, 
controllability, and time dependence. However, four major variables 
should be classified and specified at the beginning; these variables are: 
(a) Exogenous: 1. Instrument variables 
2. Other data 
(b) Endogenous: 1. Target variables 
2. Irrelevant variables, 
where: 
(1) Instrument variables are those variables which are controlled 
by the policy maker and have a range of variation subject 
to the discretion of the policy maker. Support prices for 
various commodities, acreage payments for land idled in 
production, and public investment in water resources, 
fertilizers, and educational institutions are some examples 
of instrumental variables. 
(2) Other data are those data which are determined outside 
the system or variables that are autonomious in the short 
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run or variables that are taken to be predetermined, 
(3) Target variables are those variables which represent the 
objectives of the economic policy. Targets are generally 
chosen so as to optimize fl. Targets might be fixed or 
flexible; that is, either given values to be achieved 
or functions to be optimized. 
(4) Irrelevant variables are those endogenous variables which 
do not explicitly enter into the social welfare function. 
3. Steering problem 
Where the derivation of optimum decision rules in a static or 
dynamic sense, and the sensitivity analysis is carried out, 
Tinbergen (58) distinguishes between two types of policies: 
(1) Fixed targets policy 
(2) Flexible targets policy. 
For the fixed target policy, let us view this simple linear system; 
Ay = BZ + ru (165) 
BZ = AY - ru = Yo (166) 
Z = B-1 YO (167) 
where: B, A, and y are materices of coefficients and of appropriate 
order 
Z = vector of instrumental variables 
Y = vector of target variables 
U = vector of data variables 
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YQ= (AY - rU) by definition. 
This solution will only be determinate if the border matrix ) has a 
rank of sufficient height. That is: 
®11 ^12 ••• ^Ik YOl 
B21 B22 ... B2k ^02 
®kl ^k2 ••• ^kk Yok 
and: pCBy ) = k; where p = rank. 
(168) 
(169) 
If this requirement is not fulfilled, then we have inconsistancy. If 
the rank of (By^) = k-a, then the number of instruments that may be 
chosen freely amount to "a". 
In flexible target problems we may have this simple example : 
Optimize (Q) which is a function of both targets and instruments 
subject to a model. That is: 
Optimize; Si = f(Y, Z) 
Subject to: AY = BZ + rU 
and: 1 Y < Yjjjax 
^min - ^ - ^max 
(170) 
(171) 
(172) 
(173) 
where all the symbols have the same meaning as before. 
There are different approaches to the solution, however, programming 
techniques can be utilized in this respect. 
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B. Programming Usage in Economic Policy Models 
1. The first possible explicit usage of programming in economic 
policy models is through the boundary conditions. This 
point is well explained in the sections to come. 
2. The second important use of programming is in the area of 
sensitivity analysis. The extent of the response of the 
optimum solution to a slight variation in the coefficients 
of the problem. The levels of the boundary conditions on 
the targets may be treated as variable. And, hence, a set 
of optimum solutions at different levels of targets can be 
solved for. Also a variation in the weights of the objective 
function can be analysed too. Sensitivity analysis can be 
quantitatively studied through programming. 
3. A third use of programming in a policy model is that it 
permits the specification of the shadow prices. The shadow 
prices indicate how the objective function is affected, as 
one unit change takes place in a scarce resource. 
In the previous analysis the role to be played by programming tech­
niques as methodological tool in solving a policy model has been 
emphasized. How can an economic policy model be modified in a way such 
that programming techniques can be used in finding (a) the optimum 
solution and (b) some sensitivity criteria of it? 
The author feels that there is no standard answer to the above 
question. Each policy problem can be considered as a special case. 
However, if the policy maker has a sufficient knowledge about the 
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dimensions of the problem on one hand and the essence of programming 
techniques on the other hand, he is able to make the appropriate modi­
fication. 
In this section the following points are of interest: (1) an 
arbitrary example is shown where simple linear programming procedure is 
used, (2) the implication of some parametric programming in economic policy 
models are under focus, (3) recursive programming and policy models, and 
(4) an introduction to stochastic linear programming and its implications 
in sensitivity analysis. 
The following is an agricultural model in programming set up, "an 
arbitrary example". 
Three sectors are specified in this hypothetical analysis. They 
are: grain sector, fiber sector, and livestock sector. 
Six targets are specified in this study. A minimum boundary con­
dition is set on each: 
1. Grain production 
2. Fiber production 
3. Livestock production 
4. Income from grain 
5. Income from fiber 
6. Income from livestock. 
Six major instruments are indicated which are: 
1. Fertilizer production 
2. Fertilizer imports 
3. Machinery production 
4. Machinery imports 
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5. Land reclamation 
6, Land irrigation. 
A set of activities and restrictions are specified, such that the 
optimum feasible solution gives indirectly the levels of the instruments. 
The programming procedure is designed such that the targets are implicitly 
satisfied if the solution is optimum and feasible. This was easily done 
by introducing the targets as some of the restrictions in the simplex 
tablue. 
A hypothetical input-output table, for the given below set of 
activities and restrictions, is given in the Appendix. 
The restrictions and the activities specified are; 
Restrictions 
1. Capital (cap.) b^ 
2. Agricultural labor (Agr. L.), ^ 2 
3. Industrial labor (I.L.), bg 
4. Original land (O.L.), b* 
5. Newly developed land (N.L.), I 
'5 
6. New irrigated land (N.I.), bg 
7. Fertilizer production (F.P.), by 
8. Fertilizer imports (F.I.), bg 
9. Machinery productions (M.P.), bg 
10. Machinery imports (M.I.), b^Q 
11. Minimum grain production (Min, » Gp.), bj^j^ 
12. Minimum fiber production (Min, » Pp)» 
13. Minimum livestock production (Min. V ), b^g 
14. Minimum income in grain sector (Min. Gj.), b 
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15. Minimum income in fiber sector (Min. Rj.), 
16. Minimum income to livestock sector (Min. Vj.), 
17. Fertilizer maximum production (Max. P.P.), bj^y 
18. Fertilizer maximum imports (Max. F.I.), b^g 
19. Machinery maximum products (Max, M.P.), bj^g 
20. Machinery maximum imports (Max. M.I.), bgg 
21. Fertilizer transformation (F.T.), b^^ 
22. Machinery transformation (M.T.), b^^ 
23. Maximum new land (Max. N.L.), bgg 
Activities 
1. Grain produced with fertilizer on original land 
2. Grain produced with fertilizer on new land 
3. Grain produced with fertilizer on irrigated land 
4. Grain produced without fertilizer on original land 
5. Grain produced without fertilizer on new land 
6. Grain produced without fertilizer on irrigated land 
7. Fiber produced with fertilizer on original land 
8. Fiber produced with fertilizer on new land 
9. Fiber produced with fertilizer on irrigated land 
10. Fiber produced without fertilizer on original land 
11. Fiber produced without fertilizer on new land 
12. Fiber produced without fertilizer on irrigated land 
13. Grain produced using modern machinery on original land 
14. Grain produced using modem machinery on new land 
15. Grain produced using modern machinery on irrigated land 
16. Grain produced without modem machinery on original land 
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17, Grain produced without modern machinery on new land 
18, grain produced without modern machinery on iffricated land 
19, Fiber produced using modem machinery on original land 
20, Fiber produced using modern machinery on new land 
21, Fiber produced using modern machinery on irrigated land 
22, Fiber produced without modern machinery on original land 
23, Fiber produced without modern machinery on new land 
24, Fiber produced without modern machinery on irrigated land 
25, Livestock produced using modern machinery on original land 
26, Livestock produced using modem machinery on new land 
27, Livestock produced without modern machinery on new land 
28, Livestock produced without modern machinery on original land 
29, Fertilizer production 
30, Fertilizer imports 
31, Machinery production 
32, Machinery imports 
33, New land development 
34, New land irrigation 
35, Fertilizer transformation 
36, Machinery transformation. 
The objective function is set up so that the above system will be 
connected and workable. Let the objective function be one of minimizing 
the government expenditure subject to the restrictions specified above. 
Thus: The objective function is; 
36 
Minimize; E = E BiX; (174) 
j=l 
where j = 1, ..., 36. 
212 
Given Table 68 in the Appendix, which shows the input-output relation­
ship, the following restriction functions will be appropriate; i.e., 
optimize the objective function subject to: 
34 
1. E o, i *1 < \ (175) 
j=l ^ -
28 34 
2. Z «2.1^1 * ^ *2,jXj = b2 (176) 
j=l j=33 
34 
*3,29X29 * «3,31 ^31 + ^ 03 jXj = bg (177) 
j=33 
*4,1 ^1 + *4,4 X4 + *4,7 ^7 + *4,10 *10 
+ *4,13 *13 + *4,16 *16 + *4,19 *19 
+ *4,22 *22 + «4,25 *25 + *4,27 *27 = b^ (178) 
5: *5,2 *2 * *5,5 *5 * *5,8 *8 * *5,11 *11 
* *5,14 *14 + *5,17 *17 * *5,20 *20 
+ *5,23 *23 + *5,26 *26 * *5,28 *28 
* *5,33 *33 = 0 (179) 
6. *6,3 *3 *6,6 *6 + *6,9 *9 + *6,12 *12 * *6,15 *15 
+ *6,18 *18 + *6,21 *21 + *6,24 *24 
- 06,34 X34 =0 (180) 
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*7.35 ^35 - *7,29 ^29 = 0 
*8,35 ^35 - *8,30 ^30 = 0 
(181) 
(182) 
*9,36 ^ 36 - *9,31 ^ 31 = 0 
*10,36 ^36 - *10,32 ^32 = 0 
(183) 
(184) 
6 18 
"n,j "j * »ii,j > b 11 
12 24 
1^-, *12,j "j *jÇig *12.j ^3 > b 12 (186) 
28 
j=25 
> bl3 (187) 
18 
"14,j *14,j h i bl4 (188) 
12 24 
^ *15,j *15,j Xj 
j=7 j=19 
> bi5 (189) 
28 
à ^16 (190) 
*17,29 ^29 < b 17 (191) 
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18. a 18,30 ^30 < b 18 (192) 
"19,31 ^31 ^ *>19 (193) 
20» «*20,32 %2 1 ^20 (194) 
21* Z ^91 -Î ^ 2 ^91 4 ^*5 
j=l ^ j=6 J 
'"21,35 ^35 ^ ° (19S) 
15 21 
22- .2^2 °22,j h * j!i, "22.) *3 
26 34 
' j:25 + j!33 'i 
- *22,36 ^36 = 0 (196) 
34 
- L x  *23,j *j â  ^33 (197) 
J—VV 
and Xj > 0, where j = 1, ,,., 36. 
In the set of the above problem an implicit assumption of planned 
economy was drawn. In such planned economy a specified employment level 
is predetermined. This appears in the restrictions 2 and 3. Also a 
full use of land is a restriction. The rest of the restrictions and 
the activities are chosen so that the problem becomes realistic (as 
much as possible). 
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Now, given the objective function, the input-output coefficients, 
the weight coefficients in the objective function, the slack and arti­
ficial variables, the simplex procedure can be used to find the optimum 
solution. Forcing the system to use the labor force and the land, then 
by minimizing the government expenditure en optimum solution can be 
achieved. In this optimum solution we still achieve at least the levels 
of the restrictions 11 to 16. That is we maximize the targets above a 
specified minimum level. 
Given the optimum solution, the specification of the levels of the 
instruments is possible. This might be directly or indirectly. If the 
problem is modified in such a way that the instruments explicitly 
appear in the activity sector then a direct solution results. On the 
other hand a problem might be set up in such a way that by solving the 
problem then the instruments levels are implicitly determined. 
Whatever approach is followed a solution for the optimum instrument 
levels is determined, such that the targets are, by the way, satisfied 
through the restriction requirements. 
Reaching this point, the shadow prices in the "Z-C" criterion row 
in the optimal plan section of our simplex tablue is determined. The 
efficiency indicators (i.e., the shadow prices) show how the objective 
function is affected if an instrument (or any other appropriate activity) 
is changed by one unit. That is the question of the instruments efficiency 
is answered through shadow prices. 
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C. Some Hypothetical Economic Policy Models 
in Parametric Programming Formulation 
In the previous simple linear programming example we assumed implicitly 
that all the variables specified are constant and known with certainty. 
If this assumption is released, then parametric programming results. 
1. Variable targets analysis 
The idea here is to specify all optimum plans as the supply of one 
scarce factor (i.e., a target when the problem is modified, see the 
agricultural example specified before) various continuously from zero up 
to an unlimiting amount. The criterion for introducing activities into 
the plans is now modified to ensure that the variable factor (target) is 
always dealt with in such a way that optimizes the objective function, 
(e.g., if the variable factor is capital and the objective function is 
one of maximizing profits, then capital is always invested in the oppor­
tunity with the highest marginal product. Each dollar invested returns 
the highest possible income; hence, for any capital supply, the income 
obtained is a maximum). 
A modified simplex tablue is developed to be used in this respect, 
A new criterion row in our simplex tablue is introduced. This new 
criterion row indicates for each activity the marginal productivity of 
the variable factor. The elements in this row are obtained by dividing 
the individual negative coefficients in the "Z-C" row by the appropriate 
input-output coefficient for the variable factor. The coefficients in 
the new row are computed only for activities with negative figures as 
elements in the "Z-C" row since only this activities will increase 
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income. The new decision row indicates the marginal return (in terms of 
the contribution to the objective function) per unit of variable resource 
for each activity. 
Following the usual simplex procedure technique and using the new 
criterion row to decide the outgoing activity and keeping the variable 
factor in the plans, we obtain a set of plans where the supply of the 
variable factor is negative. This negative supply can be interpreted 
as: if the original supply of the variable factor had been equal to the 
absolute value of the negative variables factor supply, then the plan 
being considered would be feasible. The same procedure is followed till 
all the "Zj - Cj" values are positive indicating that an optimum plan has 
been determined, and increasing the variable factor by any amount after 
this level will not contribute in optimizing the objective function. 
From Figure 46 an optimum plan for any target level within the speci­
fied range can be determined. That is, in a sense, it is a continuous set 
of optimum plans within the given range. 
In section "B" of Figure 46, the effect of changing the target level 
on the welfare function is specified. It happens in this example that 
the slope of this function is decreasing as the level of the variable 
target increases. This implies that marginal effect of the variable 
target on the welfare function is decreasing. The economic interpretation 
of this example is that this production system follows the low of 
diminishing returns. 
Economic interpretation of the "instruments" curves: 
a. Between (o) and (1) (these are arbitrary figures 
implies only that 1 > 0) both (Zj^ and Z^) curves have 
Figure 46, Illustration of the successive steps in the continuous 
solution 
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positive slopes. Therefore, the two instruments are 
complementary over the specified target range, 
b. Between (1 and 2) Z4 has zero slope while Z2 has positive 
slope, the two "programs" (Z4, Z2) are supplementary in 
this range, 
c. Beyond (2), (Zj) has negative slope while (Zg) has a positive 
slope. Hence, the two are competitive. 
d. (Zj^ and Z3) being competitive, the ratio of their sloped 
defines the marginal rates of substitution over these 
"target" ranges. 
That is: 
MRS = ^  = slope of 21 curve (igg, 
of Zi for Z2 ÛZ2 slope of Z2 curve 
where, MRS = marginal rate of substitution 
A = change. 
2. Programming with variable weights of the objective function 
This method allows us to determine the weight range over which a 
particular plan is optimum and stable. The optimum plan for a "given 
obijective function weights" is determined, then we ask what weights 
change is necessary to cause another plan to be optimum? To answer this 
question the following derivation is essential: 
m 
Zj - Cj = 2 Ci rjj - Cj (199) 
j=l 
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m-1 
Zj - Cj = % r^j + Z Ci r^j - Cj (200) 
i=l 
, m-1 
Zj - Cj = (Ch + ACh) rhj + E Ci r^j - Cj (201) 
i=l 
m 
Zj - Cj = AC]^ rjjj + E Ci Tij - Cj (202) 
i=l 
~ ^hj * (203) 
F or (Zj - Cj) to be non-negative 
Zj - Cj = ACj^ « r^j + (Zj - Cj) ^ 0 (204) 
Therefore; ACj^ < (Zj - Cj)/ - rj^j (205) 
where A = change; r = input-output coefficient 
G = weight in the objective function 
AZ-C = usual criterion function in the simplex tablue. 
<#• 
The answer now is: the variable weight in the objective function (C^) 
can be changed by the quantity "205" without letting one of the coef­
ficient in the Z-C row becoming negative, that is without letting the 
optimum plan to be sub-optimum. This quantity is indicated in "AC^^". 
The smallest "AC^" gives the range of change in the variable objective 
function weight to keep the value of the objective function constant. 
A new plan can be solved for where the value of the variable weight will 
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be the original + A new AC^ can be calculated and a new optimum plan 
be solved for at the new weight and so on. Hence, a set of optimum solu­
tions are established at different weights. 
Part A of Figure 47 shows how the value of the welfare function 
changes as we change the coefficients associated with a given instrument. 
The heavy line shows the maximum attainable income for the corresponding 
instrument weight in the welfare function. 
An obvious fact can be drawn too from these plans curves which is; 
the value of the welfare function from a plan can change even though 
the plan remains unaltered. 
The need for an instrument at different levels of its coefficients 
values is specified in part B of Figure 47. 
D. Recursive Programming and Economic Policy Models 
The recursive framework of programming permits a wide range of flexi­
bility in the selection of the optimal mix of instruments from one stage 
to another in a given sequence. 
It emphasizes the need for orienting optimal policy—making to 
the characteristics of each stage in relation to proceeding stages. 
Method of solution 
The problems can be stated in matrix notations as: 
max: Zt = C Xt (206) 
subject to: A < b^ (207) 
and 2 0 
where C = vector of the weights of the objective functions. 
(208) 
Figure 47, A hypothetical example of a set of optimum plans at 
different weights of the objective function 
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Xt = vector of the activities at the "t" time, 
and k = matrix of input-output coefficients. All the vectors and matrices 
are of appropriate order. Some of the elements of may be instruments 
others may be targets. Using the difference equations technique, the 
resource vector "bt" might be expressed as related to past expectation 
and performance as: 
bt = A AX t_i + U 
I.e., 
bl,t ^1 x*i,(t.i) "l,t 
^2,t '2 0 X*2,(t.2) "2,t 
• 
= 
• A • 
+ 
• 
, 0 , 
^n,t ^ m,(t-l) "n.t_ 
(209) 
(209) 
Dependent 
variables 
Initial Optimal Constant 
conditions conditions 
Now if the optimum plan at t = 0 (X q) is known, b^ can be computed from 
Equation 209. Given b^, by using the usual programming method, we can 
solve for xj. Knowing X^ through Equation 209 we can compute h2* And 
from b2 we can find X^—•- bg—k^Xg etc. 
This is one possibility in using recursive programming which is 
through the "b" vector. However, the method is quite general and can 
be adopted to other variables in the problem, as long as the problem 
specification is logical and realistic. 
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E, Introduction to Stochastic Linear Programming 
and Its Implications in Sensitivity Analysis 
When randomness and hence error concepts are introduced into the 
programming problems, it is the stochastic linear programming techniques 
which is relevant. Here no longer we are only interested in the determina­
tion of an optimum solution, but also some other statistical criterion 
(e.g., minimization of the variance) is introduced into the picture. 
Two main approaches are commonly specified in stochastic programming 
techniques namely: (a) passive approach where we decide on a plan and 
wish to know how variable the value of the objective function will be, 
and (b) active approach where we select a plan with a lower but more 
stable value of the objective function. The active approach will be under 
focus in this section. 
1. The E.V. Indifference system 
If an indifference map of a society is specified where the maximiza­
tion of the value of the objective functions drawn against the stability 
of the solution, it is known as E.V. indifference map (see Figure 48a). 
In such a map satisfaction increases in the specified direction of the 
arrows. In the active approach we find the feasible set of plans. Each 
plan will determine a value for E (£2) and a level of o^. A map for 
such feasible plans can be drawn as in Figure 48b. The upper boundary 
OAB implies the most preferable plans. Given the society E.V. map 
then the optimum policy can be determined. Here again, it is optimum 
with respect to the maximization of (Q) and simultaneously minimiza­
tion of Og. 
Figure 48a. A hypothetical graph of a society indifference map between 
optimality against stability of the solutions 
Figure 48b. A map of a set of feasible plans 
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2. Optimality and stability decision values 
For the determination of the previously specified active approach 
solution the following methodology can be utilized. If there are random 
elements involved, the problem is one of the following formulations; 
m 
Maximize: = I (c^ + 70 (210) 
3=1 ^ 
n 
Subject to; Z (a^j + Xj = (bj^ + (211) 
j=l 
and: xj > 0 
where (a,ij,Yj,6i) are random elements. 
Assumptions; 
(1) There is a joint known probability distribution of the 
random variables. 
(2) We have sample data from the triplet: 
(A, b, C)^, (A, b, 0)2# •••» (Â, b, C)^, •••» (A.» b, C)j^ 
where : 
(k = 1, K); A = (a + d); b = + G^); C = (Cj + j). 
The total number of the samples are K. For a sample (K) to be 
admissible the following conditions have to be fulfilled. 
(1) The sample space generated by (Â, b, C)]^ is such that it contains 
more than one feasible solution. 
(2) The sample space generated by (Â, b, €)%, is such that it 
satisfies the conditions of an ordinary non-stochastic linear 
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programming problem for any fixed sample "k". A programming 
problem which has a non-empty set of basic solutions, all 
bounded and finite and which is not degenerate. 
The problem now after introducing the slack variables is; 
n+m 
max: n = E C; x; (213) 
3=1 
m+n 
Subject to; i a-• x- < b- (214) j=l 3 J -
and Xj > 0; (j = 1, (m + n)) (215) 
(i = 1, m) 
where; Cj = (Cj + yj); â^j = (a^j + oij) (216) 
5i = (bi + 6i) 
Now for a fixed "k" we consider "m" linearly independent columns of the 
augmented matrix (a^j), which can be chosen in a (m+n) way, of these 
we reject those which do not satisfy the non-negativity condition. 
Then we will have for each sangle space (sample spaces are 1, ..., 
k, ..., K) the following values of the objective function determined by 
the set of basic feasible solutions as; 
"ik " {Ofk I r = 1, ..., R} (217) 
"2k " {Ofk I r = 2, R} (218) 
fijjk = max I r = R} (219) 
r 
This implies that: 
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{^Ik > 02k ^ nk ^ ® (220) 
If the maximum solution (01%) for all admissible K is such that it has 
a very high variability as measured by variance or other index, compared 
to the second best solution (02k) all admissible K, .etc., then 
the maximum solution will have instability in a certain sense. That 
means stability and optimality characteristics may be competive or 
complementary for different basic solution. For example, if: 
°01k * °02k ' (221) 
The optimal value 0^^ is said to be stable. If, however, it turns 
out that; 
°nik ^ °&k > ' (222) 
and this difference in variance is far outweighs the difference in 
expected values, then it might be more reasonable to accept the second 
best solution î22k* any case a value judgement about the stability-
optimality marginal rates of substitutions has to be set up. 
Example: 
a2 
Plan Z, Zj Z- Z. 0 0 
100 1,000,000 
1 0 0 0 0 0 0 
2,3 0 18.29 12.51 0 30.80 .17 
4 7.62 32.67 2.06 18.96 61.31 2.44 
5 11.12 25.11 .45 49.90 86.57 9.21 
6 22.14 0 11.62 57.55 91.31 11.86 
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Figure 49 shows the preferred plans as expected objective function 
values increases from zero to the maximum attainable. 
Different plans (in this example there are six of them) are indicated 
by the vertical lines, e.g., plan (1) shows the use of Z^, I2» ^3» ^4 
= 0 for E(fl) = 0. However, plan (2,3) shows the use of for i = 1, 
4) if E(0) is to be equal to 3080 and = (2.44) (1,000,000), and 
so on. An intermediate plan can be "read-off" by picking the appropriate 
quantity on the horizontal axis. Thus, given the society indifference 
map for the welfare function values versus the stability criterion, an 
optimum plan can be determined. And hence, such information is of great 
importance. 
F. Marginal Rates of Substitution and Programming Formulation 
The previous study shows how an economic policy model can be 
modified into a programming problem. The input-output table, which is 
the core of any programming problem, is a set of elements which can be 
interpreted as substitution or transformation rates. Each coefficient 
specifies the amount of the activity represented by the row which must 
be sacrificed to gain one unit of the activity represented by the column. 
Therefore, policy problems can be transformed into programming set up 
which in turn is based on the marginal rates of substitutions. Given 
these rates of transformation, the appropriate prices, and the weights 
of the objective function, an optimum plan can be determined. A plan 
which results in the achievement of the specified targets. The 
specification of the targets is mainly a function of the conomy's 
state of development. In nature economies where agricultural surplus 
Figure 49, A hypothetical set of optimum planes at a corresponding set of values of 
the objective function. 
A graph expresses the continuity criterion of the solutions. 
PLA PLAN(23) pl/n(4) 
la|i 
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production exists, these targets are specified such that a compensational 
policies results. Policies that imply production control. However, 
in the developing nations, where food shortage is a challenge facing its 
population, targets are determined such that developmental policies 
result. Policies that imply and encourage increasing the agricultural 
production. 
Thus, whatever policy formulation is considered, the knowledge of 
the technical substitution rates is crucial. In this respect Heady (22, 
p. 525) indicates: 
"...The need for increasing knowledge of potential 
substitutes at lower costs would be preferable in extent 
that these (1) lessen the constraint of conventional 
natural resources on supply and price of commodities and 
thus facilitate economic growth, (2) better explain the 
mathematical limit to which increase in food output can be 
pushed against fixed land supply and (3) insure against 
uncertainties of food supply and price in future time," 
Given the analysis above, fertilizer policies in developing as well 
as mature economies are essential. 
To summarize, when the priority decision problems can be quantita­
tively translated into agricultural policy, then solving for the optimum 
solution will give an answer for the decision question, where the major 
concern is the criterion of optimizing the society welfare function. 
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VIII.  SUMMARY 
The object of this study is to investigate the economic and technical 
relationships between fertilizer (as a form of capital), land, and labor. 
For this investigation to be carried out, the derivation of production 
functions which relate fertilizer, labor, and land have been conducted. 
These functions represent the production of nine crops; namely, com, 
cotton, wheat, barley, cereals, rice, paddy, maize, and peanuts raised 
in five countries; the United States, Canada, Sweden, U.A.R. (Egypt), and 
India. With these production functions technical as well as economical 
quantities have been solved for. The marginal rates of substitution 
between fertilizer, land, and labor were established. These rates of 
substitution were analyzed to show how fertilizer can be substituted for 
land and labor. In order for these relationships to be viewed and investi­
gated, the fertilizer-land and fertilizer-labor isoquants, isoclines, 
expansion paths, and ridgelines were established at four different levels 
of output. These land-fertilizer production functions and the quantities 
derived from them had some unique and specific features. Among the 
unique features it was observed that: 
a) The land-fertilizer production functions are ones of 
constant returns to scale (see Figure 1). 
b) All the land-fertilizer isoquants intersect with the 
vertical axis (land dimension) and were convex toward 
the origin. This implies that land is a necessary factor 
of production and negative marginal rates of substitution 
exist. 
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c) The marginal rates of substitution were assumed to be 
functions of several factors including the original land 
fertility, levels of output, kinds of yield, fertilization 
levels, land level, and other variables, 
d) The isoclines were found to be linear functions passing 
through the origin. Obviously, this is due to the 
constant returns to scale land-fertilizer production functions, 
e) The expansion paths, being isoclines in nature, were all 
linear functions passing through the original. The slope 
of the expansion path determines the least cost combination 
of land and fertilizer. It was observed that the slope of 
the expansion path is a function of the absolute value of 
the marginal rates of substitution on one hand, and factors 
price ratios on the other hand. The higher the slope of the 
expansion path, the higher the land-fertilizer ratio and the 
smaller the slope, the higher the fertilizer-land ratio. 
Tables 4 through 33 show in detail the substitutability of fertilizer 
for land and labor for the nine different crops in the five countries. 
However, Table 3 gives averages only for the sake of illustration. It 
was observed that at zero level of fertilization, on the average, a ton 
of fertilizer substitutes for: 63.54 acres of land and 10,618.5 hours of 
labor in India, 52.98 acres of land and 163.7 hours of labor in Canada, 
24.18 acres of land and 459.0 hours of labor in the United States, 22.37 
acres of land and 906.0 hours of labor in Sweden, or 15.86 acres of land 
and 6,498,0 hours of labor in Egypt, In the same table, the average 
S 
optimum fertilizer-land combinations in the five nations under study were 
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specified. The availability of fertilizer and its relatively low price 
in the United States resulted in the highest optimum fertilizer-land ratio. 
About 79,60 pounds of fertilizer per acre is recommended as an optimum 
fertilizer-land combination in the U.S.A. In this respect, Egypt is in 
the second place after the United States. It is mainly due to high price 
of land that an optimum fertilizer-land combination, on the average, 
is about 67.44 pounds per acre in the U.A.R. Then comes Canada with an 
optimum fertilizer-land combination of 55.88 pounds of fertilizer per 
acre. In Sweden the average is about 44.23 pounds of fertilizer per acre. 
At the bottom of the list is India with the most responsive yield to 
fertilization. The optimum fertilizer combination on the average in India 
is as low as 18.55 pounds of fertilizer per acre. 
Some measures of reliabilities reflected in establishing the con­
fidence intervals for marginal physical products, isoquants, and iso­
clines have been specified too. The objective was mainly to illustrate 
the procedure and discuss the significance of some statistical properties 
of a land-fertilizer production function. Figure 45 shows the 70% 
confidence intervals of an isoquant and an isocline (which is an expansion 
path, too) for com production in the United Arab Republic (Equation 118). 
The determination of the optimum policies with respect to resource 
allocations in fertilizer investments versus other productive projects, 
have been investigated. However, the approach is to modify the problem 
into agricultural policy formulation and to use programming techniques to 
determine the optimum solution, where the major concern is the criterion 
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of optimizing the social welfare function. Nevertheless, the author 
feels that the potentialities of using programming techniques, in this 
respect, are in need of intensive research. 
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APPENDIX 
Table 34. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Iowa) 
$ 
Yi = 105. 25 bu.a 
s
 
II 47 bu.a Y3 = 49. 36 bu.* Y4 = 32. 91 bu.a 
A L A L A L A L 
0 3.5985 25.549 2.3752 16.864 1.6876 11.982 1.1251 7.9879 
20 3.2744 23.248 2.0544 14.586 1.3712 9.7355 .81765 5.8053 
40 2.9637 21.043 1.7573 12.477 1.0948 7.7727 .58924 4.1836 
60 2.6708 18.963 1.4957 10.619 .88386 6.2754 .47835 3.3963 
80 2.4011 17.048 1.2834 9.1118 .75465 5.3580 .45132 3.2043 
100 2.1607 15.341 1.295 8.0196 .69430 4.9295 .46171 3.2781 
120 1.9555 13.884 1.0319 7.3263 .67697 4.8065 .48827 3.4667 
140 1.7891 12.703 .97850 6.9473 .68369 4.8542 .52269 3.7111 
160 1.6618 11.799 .95586 6.7866 .70399 4.9984 .56141 3.9860 
180 1.5701 11.147 .95351 6.7699 .73240 5.2001 .60272 4.2793 
= 29.248 + .5340N - .001743n2 - .0003549p2 + .001069NP; Y = 29.248A + .4820683$ -
.001329976*2A-1 (Equation 101). 
Table 35. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Iowa) 
$ 
Yi = 95. 06 bu.* I
I 92.46 bu.* Y3 = 63. 76 bu.* Y4 = 42 .51 bu.* 
A L A L A L A L 
0 2.7114 19.251 2.6374 18.725 1.8187 12.913 1.2125 8.6084 
40 2.1533 15.288 2.0801 14.769 1.2764 9.0621 .70177 4.9826 
80 1.6677 11.841 1.5988 11.350 .88075 6.2533 .47014 3.3380 
120 1.3079 9.2859 1.2497 8.8727 .70522 5.0070 .45188 3.2083 
160 1.1030 7,8311 1.0588 7.5175 .67095 4.7638 .49212 3.4941 
= 35.0587 + .7126N - .004352x2 + .5255P - .00310?% + .2546K - .001624x2 - .002255PK; 
Y = 35.0587A + .50920269* - .000010807128*2A-1 (Equation 102). 
Table 36, Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Iowa) 
Yi = 85 ,29 bu.* Y2 = 84. 77 bu,* Y3 = 63.27 , a bu. Y4 = 42,18 u & bu. 
« A L A L A L A L 
0 2.0420 14.498 2.0295 14.410 1.5148 10.755 1,0098 7.1699 
20 1.6765 11.903 1.6641 11,815 1.1588 8.2277 .67609 4.8003 
40 1.3729 9,7477 1.3613 9,6653 .90066 6.3947 .51532 3,6588 
60 1,1603 8.2381 1.1502 8,1667 .77298 5,4882 .49868 3,5406 
80 1.0452 7.4209 1.0370 7.3630 .74258 5,2723 .53622 3,8072 
100 1.0038 7,1269 ,99720 7.0801 .76164 5,4076 .59295 2,1961 
= 41.768 + ,68305p2 + .89548k - .01038p2 - .008949x2 + .004541pk; y = 41.768a + 80822383$ 
.0037599203$2a-1 (Equation 103). 
Table 37. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Iowa) 
$ 
Yi = 78. 40 bu.& I
I 78.12 bu.a Y3 = 69 .34 bu.* Y4 = 46.23 bu.& 
A L A L A L A L 
0 1.2947 9.1912 1.2899 9.1585 1.1450 8.1292 .76331 5.4195 
10 1.19106 8.4533 1.1859 8.4199 1.0422 7.3997 .66644 4.7317 
20 1.1076 7.8637 lol030 7.8312 .96373 6.8425 .60844 4.3199 
30 1.0485 7.4441 1.0441 7.4132 .91266 6.4799 .58975 4.1872 
40 1.0136 7.1966 1.0096 7.1679 .88816 6.3060 .60043 4.2630 
50 1.0005 7.1037 .99680 7.0773 .88597 6.2904 .62943 4.4689 
®y = 60.559 + .7856P + .592634K - .017444p2 _ .01323x2 + .004052PK; Y = 60.5S9A + .6854804$ 
- .0065879852*24-1 (Equation 104). 
Table 38. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Iowa) 
* 
Yi = 39. 11 bu.* ^2~ 74. 32 bu.* Y3 = 66.54 bu.* Y4 = 44.36 bu.* 
A L A L A L A L 
0 1.5164 10.766 1.2646 8.9790 1.1323 8.0395 .75488 5.3597 
40 1.4059 9.9821 1.1552 8.2020 1.0236 7.2679 .65000 4.6150 
80 1.3065 9.2764 1.0596 7.5232 .93082 6.6089 .57166 4.0588 
120 1.2200 8.6651 .98087 6.9642 .85749 6.0882 .52504 3.7277 
160 1.1495 8.1611 .92106 6.5395 .80559 5.7197 .50723 3.6013 
200 1.0945 7.7713 .88039 6.2508 .77439 5.4981 .51014 3.6220 
240 1.0555 7.4941 .85717 6.0859 .76085 5.4020 .52621 3.7361 
280 1.0310 7.3204 .84850 6.0243 .76108 5.4036 .55042 3.9080 
320 1.0191 7.2359 .85123 6.0437 .77150 5.4777 .57976 4.1163 
^ = 58.7647 + .16937848N - .00024860957X2; Y = 58.7647A + .16937848$ - .00024860957$2A-1 
(Equation 105). 
Table 39, Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Kansas) 
$ 
YI = 86 .96 bu.* Y2 = 84.10 bu.* Y3 = 76. 74 bu.* Y4 = 51.16 bu.* 
A L A L A L A L 
0 1.2534 7.2697 1.2122 7.0309 1.1061 6.4154 .74741 4.2770 
20 1.1704 6.7885 1.1295 6.5511 1.0241 5.9398 .65969 3.8262 
40 1.1027 6.3957 1.0626 6.1632 .95971 5.5663 .61000 3.5380 
60 1.0521 6.1022 1.0135 5.8784 .91500 5.3070 .58948 3.4190 
80 1.0191 5.9110 . 98260 5.6991 .88997 5.1618 .59289 3.4387 
100 1.0028 5.8160 .96858 5.6178 .88249 5.1184 .61287 3.5547 
^ = 69.38 + .311406N - .001379N2; Y = 69.38A + .311406$ - .001379$2a-1 (Equation 106). 
Table 40. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (North Carolina) 
* 
Yl = 56.44 bu.* Y2 = 55.33 bu.* Yj = 35. 36 bu.* Y4 = 23.58 bu.* 
A L A L A L A L 
0 3.6651 54.977 3.5927 53.890 2.2963 34.445 1.5309 22.463 
20 2.7960 41.940 2.7242 40.864 1.4521 21.782 .73700 11.055 
40 2.0219 30.329 1.9546 29.319 .85609 12.841 .43359 6.5038 
60 1.4457 21.686 1.3915 20.873 .65038 9.7557 .42768 6.4153 
80 1.1389 17.084 1.1020 16.529 .62875 9.4312 .47638 7.1457 
100 1.0239 15.358 .99837 14.976 .66170 9.9255 .53968 8.0952 
*Y = 15.4 + .6900N - .0029n2; Y = 15.4A + .6900$ - .0029$2a-1 (Equation 107). 
Table 41. Land-fertilizer and labor fertilizer isoquants for com in the U.S.A., (North Carolina) 
$ 
Yl = 42.74 bu.* V2 = 40.39 bu.* Yg = 32.78 bu.* Y4 = 21.85 bu.* 
A L A L A L A L 
0 1.6988 25.481 1.6055 24.088 1.3028 19.541 .86850 13.028 
20 1.4662 21.993 1.3739 20.609 1.0756 16.134 .65446 9.8169 
40 1.2726 19.089 1.1845 17.767 .90461 13.569 .53679 8.0518 
60 1.1306 16.960 1.0507 15.760 .80518 12.078 .51157 7.6736 
80 1.0444 15.667 .97508 14.626 .76883 11.532 .53455 8.0182 
100 1.0059 15.089 .94673 14.201 .77357 11.603 .57839 8.6759 
= 25.16 + .31141N - .001379N2; Y = 25.16A + .31141$ - .001379$2a-1 (Equation 108) 
Table 42. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (North Carolina) 
i 
Yl = 51.48 bu.* I
I 48.03 bu.* Yg = 42 .29 bu.* Y4 = 28.19 bu.* 
A L A L A L A L 
0 1.4084 21.126 1.3142 19.713 1,1571 17.357 .77140 11.571 
20 1.2867 1.1930 17.898 1.0374 15.561 .65742 9.8613 
40 1.1839 17.758 1.0926 16.384 .94154 14.123 .58275 8.7413 
60 1.1034 16.551 1.0164 15.246 .87413 13.112 .55065 8.2597 
80 1.0470 15.706 .96606 14,. 491 .83557 12.533 .55139 8.2708 
100 1.0139 15.208 .93973 14.096 .82187 12.328 .57248 8.5873 
120 1.0007 15.010 .93325 13.999 .82708 12.406 .60537 9.0806 
^ = 36.55 + .2369N - .00094n2; Y = 36.55A + .2369* - .00094$^A"1 (Equation 109). 
Table 43. Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Michigan) 
$ 
Yl = 168.82 bu.* Yl = 167.38 bu.* Yj = 145 .78 bu.* Yl = 97.1" bu.* 
A L A L A L A L 
0 1.3596 25.833 1.3480 25.612 1.1740 22.306 .78267 14.871 
20 1.2647 24.029 1.2531 23.809 1.0800 20.520 .69231 13.154 
40 1.1824 22.465 1.1710 22.249 1.0011 19.020 .62649 11.903 
60 1.1148 21.181 1.1037 20.971 .93974 17.855 .58854 11.182 
80 1.0633 20.202 1.0527 20.002 .89721 17.047 .58186 10.940 
100 1.0279 19.530 1.0179 19.341 .87265 16.580 .58186 11.055 
120 1.00075 19.143 .99823 18.966 .86368 16.410 .60058 11.411 
140 1.00001 19.002 .99151 18.839 .86724 16.478 .62750 11.922 
\ = 104.08269 + .0737N + .05002P - ,00033N2 - .00006p2 - .G0003NP; Y = 104.08269A + .07370$ 
- .00033*2A-1 (Equation 110). 
Table 44. Land-fertilizer and labor-fertilizer isoquants for com in U.S.A., (Louisiana) 
Yj = 83.20 bu.* Y2 = 82.65 bu.^ Y3 = 66.01 bu.* Y4 = 44.01 bu.* 
$  A  L  A  L A L  A  L  
0 1.6849 16.849 1.6737 16.737 1.3369 13.369 .89124 8.9124 
10 1.5405 15.405 1.5294 15.294 1.1940 11.940 .75240 7.524 
20 1.4087 14.087 1.3977 13.977 1.0681 10.681 .64273 6.4273 
30 1.2927 12.927 1.2820 12.820 .96409 9.6409 .57105 5.7105 
40 1.1955 11.955 1.1853 11.853 .88579 8.8579 .53642 5.3642 
50 1.1191 11.191 1.1095 11.095 .83365 8.3365 .52919 5.2919 
60 1.0635 10.635 1.0547 10.547 .80463 8.0463 .53921 5.3921 
70 1.0272 10.272 1.0191 10.191 .79387 7.9387 .55963 5.5963 
80 1.0071 10.071 .99976 9.9976 .79654 7.9654 .58644 5.8644 
90 1.0001 10.001 .99341 9.9341 .80881 8.0881 .61734 6.1734 
^ = 49.37985 + .739285N - ,0040401785N^; Y = 49.3798A + .739285$ - .0040401785$2A"^ 
(Equation 111). 
Table 45, Land-fertilizer and labor-fertilizer isoquants for com in the U.S.A., (Florida) 
* 
Vl = 68,42 bu.* Y2 = 64.13 bu.* Y3 = 43 ,30 bu.* " -
4->< 
28.87 bu.* 
A L A L A L A L 
0 3.0451 39,890 2.8541 37.388 1.9270 25.244 1.2847 16.829 
40 2.6564 34.799 2.4660 32.304 1.5436 20.221 .90999 11.921 
80 2.2870 29.960 2.0990 27.497 1.1996 15.715 .61792 8.0947 
120 1.9466 25.501 1.7648 23.119 .92688 12.142 .46829 6.1346 
160 1.6489 21.600 1.4793 19.379 .75360 9.8721 .42629 5.5842 
200 1.4084 18.450 1.2583 16.484 .66925 8.7672 .42960 5.6278 
240 1.2335 16.159 1.1069 14.501 .63943 8.3765 .45115 5.9100 
280 1.1194 14.664 1.0152 13.300 .63851 8.3645 .48116 6.3031 
320 1.0526 13.789 .96640 12.660 .65315 8.5560 .51566 6.7552 
360 1.0185 13.343 .94576 12.389 .67672 8.8650 .55281 7.2419 
400 1.0062 13.182 .94332 12.358 .70578 9.2457 .59164 7.7505 
= 22.4703 + .28936N + .18812P + .24826K - .0017404n2 _ .000454p2 _ .001464k2 + .00Û19511PK; 
Y = 22.4703A + .222141424$ - .00027139027$2a-1 (Equation 112). 
Table 46, Land-fertilizer and labor-fertilizer isoquants for cotton in the U.S.A., (Mississippi) 
$ 
Yl = 16.98 cwt.^ Y2 = 16. 78 cwt.^ Y3 = 11,99 cwt. ^  •<
 II 00 g cwt.^ 
A I A L A L A L 
0 2.3550 188.40 2.3270 186.16 1.6635 133.08 1.1090 88.721 
40 2.0741 160.92 2.0462 163.69 1.3862 110.90 .83900 67.120 
80 1.8123 144.98 1.7848 142.78 1.1408 91.264 .63011 50,409 
120 1.5778 126.22 1.5513 124.10 .94516 75.613 .51388 41.110 
160 1.3802 110.42 1.3555 108.44 .81329 65.063 .47491 37,993 
200 1.2272 98.173 1.2050 96.398 .74144 59.316 .47632 38,105 
240 1.1202 89.615 1.1009 88.071 .71236 56.989 .49654 39,723 
280 1.0535 84.276 1.0369 82.953 .70955 56.764 .52616 42,093 
320 1.0176 81.408 1.0034 80,270 .72239 57.791 .56097 44,877 
360 1.0037 80.299 .99134 79.307 .74481 59.585 .59888 47,911 
= 7.21 + .10726N + .036425P + .013915K - ,00060682N2 - .00017155?^ - .00014371x2 + 
.000083470NP + .00019408NK + .00004833PK; Y = 7.21A + .051982618$ - .000069480366*24-1 
(Equation 113). 
Table 47. Land-fertilizer and labor-fertilizer isoquants for cotton in the U.S.A., (Louisiana) 
* 
Y = 1990.73 lb.® Y = 1979.99 lb.® Y = 1300. 50 lb.® Y = 867, 00 lb.® 
A L A L A L A L 
0 3.2056 256.45 3.1883 255.07 2.0942 167.53 1.3961 111.69 
40 2.6865 214.92 2.6692 213.55 1.5834 126.67 .90061 72.049 
80 2.2017 176.14 2.1849 174.79 1.1439 91.515 .56171 44.937 
120 1.7747 141.98 1.7589 140.71 .84056 67.405 .44683 35.747 
160 1.4374 114.99 1.4236 113.89 .70033 56.026 .43843 35.074 
200 1.2106 96.850 1.1995 95.958 .65640 52.512 .46380 37.104 
240 1.0825 86.600 1.0738 85.904 .65764 52.611 .50200 40.160 
280 1.0216 81.726 1.0147 81.175 .68002 54.402 .54619 43.696 
320 1.0010 80.079 .99533 79.626 .71337 57.069 .59363 47.490 
= 621.0084 + 8.24376F - .012404F2; Y = 621.0084A + 8.24376$ - .012404$2A-1 (Equation 114). 
Table 48, Land-fertilizer and labor-fertilizer isoquants for peanuts in U.S.A., (Florida) 
$ 
Y = : 1797.52 Ibs.^ Y = 1763.19 Ibs.^ Y = 1591 .94 Ibs.^ Y = 1061 .30 Ibs.^ 
A L A L A L A L 
0 1.2652 32.137 1.2411 31.523 1.1205 28.462 .74702 18.974 
20 1.1895 30.212 1.1654 29.601 1.0455 26.557 .67559 17.160 
40 1.1264 28.610 1.1027 28.010 .98516 25.023 .62739 15.936 
60 1.0775 27.370 1.0546 26.787 .94108 23.904 .60388 15.339 
80 1.0435 26.505 1.0216 25.948 .91364 23.207 .60183 15.286 
150 1.0238 26.005 1.0031 25.478 .90162 22.901 .61568 15.638 
= 1420.78 + 24.00K - .22K2 + 106.IIP - 8.47p2 - 6.88KP; Y = 1420.78A + 5.7889768$ 
- .024152502(Equation 115). 
Table 49. Land-fertilizer and labor-fertilizer isoquants for barley in Canada 
$ 
Y = 35. 08 bu.* Y = 33.09 bu.* Y = 24. 78 bu.* Y = 16. 52 bu.* 
A L A L A L A L 
0 2.1307 6.5839 2.0099 6.2107 1.5050 4.6504 1.0033 3.1002 
10 1.8744 5.7919 1.7542 5.4205 1.2529 3.8715 .75966 2.3473 
20 1.6403 5.0684 1.5225 4.7046 1.0374 3.2057 .58418 1.8051 
30 1.4372 4.4409 1.3250 4.0942 .87628 2.7077 .49979 1.5444 
40 1.2741 3.9369 1.1712 3.6189 .77792 2.4038 .48132 1.4873 
50 1.1559 3.5717 1.0650 3.2907 .73243 2.2632 .49525 1.5303 
60 1.0802 3.3378 1.0017 3.0952 .72198 2.2309 .52406 1.6203 
70 1.0390 3.2106 .97138 3.0016 .73253 2.2635 .56122 1.7342 
80 1.0231 3.1615 .96420 2.9794 .75564 2.3349 .60244 1.8615 
= 16.4645 + .08114P + 0.2389N - .0208P - .0025N2 + .0039NP; Y = 16.4643A + .462264$ 
- .0026637105*2A-1 (Equation 116). 
Table 50. Land-fertilizer and labor-fertilizer isoquants for cereal in Sweden 
$ 
Yl = 268.33 Y2 = 266.90 Y3 = 221. 66 I
I >
-
147.77 
A L A L A L A L 
0 1.5210 152.10 1.5128 151.28 1,2564 125.64 .83761 83.761 
40 1,3512 135.12 1.3432 134.32 1.0895 108.95 .67942 67.942 
80 1.2103 121.03 1.2025 120.25 .95940 95.940 .58310 58.310 
120 1.1053 110.53 1.0980 109.80 .87465 87.465 .55122 55.122 
160 1.0386 103.86 1.0320 103.20 .83380 83.380 .56178 56.178 
200 1.0063 100.63 1.0004 100.04 .82686 82.686 .59462 59.462 
^ = 176.42 + 1.05735X1 + .543405X2 - .000128x2 - .00623ix| - .OOOôlôX^X^; Y = 176.42A 
+ .80027$ - .001742A-1 (Equation 117). 
Table 51. Land-fertilizer and labor-fertilizer isoquants for com in U.A.R. 
$ 
Y^= 16 .55 ardab* Yg = 15 .99 ardab* Y3 = 13.21 ardab* Y4 = 8.81 ardab* 
A L A L A L A L 
0 1.5880 309.66 1.5341 299.15 1.2671 247.07 .84470 164.72 
20 1.4616 285.01 1.4079 274.54 1.1421 222.70 .72343 141.07 
40 1.3470 262.66 1.2940 252.32 1.0327 201.37 .62859 122.57 
60 1.2467 243.11 1.1951 233.05 .94288 183.86 .56700 110.56 
80 1.1533 226.85 1.1139 217.21 .87556 170.73 .53758 104.83 
100 1.0981 214.12 1.0516 205.06 .83089 162.02 .53241 103.82 
120 1.0510 204.95 1.0079 196.53 .80636 157.24 .54301 105.89 
140 1.0206 199.02 .98096 191.29 .79801 155.61 .56341 109.86 
160 1.0045 195.88 .96816 188.79 .80182 156.35 .58996 115.04 
^ = 10.423 + .68504N - .0001939n2; Y = 10.423A + .68504$ - .0001939*24-1 (Equation 118). 
Table 52. Land-fertilizer and labor-fertilizer isoquants for com in U.A.R 
« 
Yi = 22 ,34 ardab^ Y, = 21. 85 ardab® Y, = 19.43 ardab^ Y^ = 12.95 ardab®' 
A L A L A L A L 
0 1.3140 256.22 1.2848 250.53 1.1424 222.77 .76160 148.51 
20 1.2380 241.42 1.2090 235.75 1.0671 208.09 .68897 134.35 
40 1.1713 228.40 1.1426 222.80 1.0027 195.52 .63372 123.58 
60 1.1150 217.43 1.0869 211.95 .95059 185.36 .59823 116.65 
80 1.0701 208.67 1.0429 203.37 .91177 177.79 .58175 113.44 
100 1.0368 202.17 1.0108 197.10 .88613 172.79 .58093 113.28 
120 1.0147 197.87 .99005 193*06 .87262 170.16 .59171 115.38 
140 1.0029 195.57 .97967 191.04 .86957 169.57 .61065 119.08 
^ = 17.005 + .0688504N - .0002168X2; Y = 17.005A + .068504$ - .0002168*24-1 (Equation 119). 
Table 53. Land-fertilizer and labor-fertilizer isoquants for com in the U.A.R. 
« 
^1 - 13.97 ardab^ ^2 = 13.01 ardab® Yg = 11 .25 ardab^ 
II 7.50 ardab^ 
A L A L A L A L 
0 1.4724 287.12 1.3708 267.30 1.1854 231.15 .79025 154.10 
40 1.2984 253.19 1.1980 233.60 1.0154 198.01 .63154 123.15 
80 1.1603 226.25 1.0644 207.57 .89266 174.07 .55002 107.25 
12Q 1.0657 207.82 97828 190.76 .82503 160.88 .53883 105.07 
160 1.0149 197.90 .93764 182.84 .80508 158.99 .56691 110.55 
200 1.0000 195.00 93232 181.82 .81773 159.46 .61369 119.67 
^ = 9.489 + .0447HN - .00011149X2; Y = 9.489A + .044711$ - .00011149$2a-1 (Equation 120). 
Table 54. Land-fertilizer and labor-fertilizer isoquants for cotton in the U.A.R. 
$ 
Y = 7.87 kentar* Y « 7.86 kentar^ Y = 6.55 kentar^ Y = 4.37 kentar* 
A L A L A L A L 
0 1.4993 1199.4 1.4971 1197.7 1.2486 998.86 .83238 665.91 
10 1.3832 1106.6 1.3811 1104.9 1.1337 906.97 .72125 577.00 
20 1.2796 1023.7 1.2775 1022.0 1.0344 827.50 ,63604 508.83 
30 1.1909 952.73 1.1889 951.12 .95406 763.25 .58229 465.83 
40 1.1193 895.40 1.1173 893.85 . 89498 715.98 .55830 446.64 
50 1.0655 852.40 1.0637 850.95 .85693 685.54 .55675 445.40 
60 1.0291 823.28 1.0274 821.92 83745 669.96 .57001 456.00 
70 1.0082 806.55 1.0066 805.30 .83292 666.33 .59264 474.11 
80 1.0003 800.21 .99882 799.06 .83976 671.81 .62125 497.00 
^ = 5.24715 + .06368N - .00038698N2; Y = 5.24715A + .06368$ - .00038698$2A~1 (Equation 121). 
Table 55. Land-fertilizer and labor fertilizer isoquants for cotton in the U.A.R 
$ 
Yl = 11.50 kentar* Y2 = 11.49 kentar* Y3 = 9.71 kentar* Y4 = 6,47 kentar^ 
A L A L A L A L 
0 1.4492 1159.4 1.4462 1157.0 1.2231 978.48 .81540 652.32 
20 1.3280 1062.4 1.3250 1060.0 1.1033 882.66 .70039 560.31 
40 1.2230 978.37 1.2200 976.03 1.0034 802.72 .61834 494.68 
60 1.1373 909.82 1.1345 907.57 .92752 742.01 .57427 459.42 
80 1.0731 858.46 1.0704 856.34 .87734 701.87 .56269 450.15 
100 1.0304 824.30 1.0279 822.33 .85096 680.77 .57317 458.54 
120 1.0071 805.69 1.0048 804.88 .84403 675.22 .59719 477.75 
140 1.0000 800.00 .99793 798.35 .85137 681.39 .62943 504.54 
\ = 7.9358 + .1.67657N - .19714%%; Y - 7.9358A + 1.67657$ - .19714$2a-1 (Equation 122) 
Table 56. Land-fertilizer and labor-fertilizer isoquants for cotton in the U.A.R. 
$ 
Yl = 7.84 kentar* Y2 = 7.80 kentar* Yg = 7.12 kentar* ^4 = 4.74 kentar* 
A L A L A L A L 
0 1.2190 975.20 1.2130 970.40 1.1065 885.20 .73767 590.13 
20 1.1471 917.68 1.1411 912,90 1.0353 828.20 .67007 536.06 
40 1.0886 870.87 1.0827 688.18 .97895 783.16 .62609 500.87 
60 1.0449 835.92 1.0392 831.38 .93913 751.30 .60671 485.37 
80 1.0164 813.12 1.0110 808.78 .91588 732.70 .60831 486.65 
100 1.0023 801.81 .99716 797.72 .90778 726.22 .62525 500.20 
= 6.43115 + .82713N - .12143X2; Y = 6.43115A + .82713$ - .12143$2a-1 (Equation 123). 
Table 57. Land-fertilizer and labor-fertilizer isoquants for wheat in the U.A.R. 
* 
Yj = 7. 43 ardab* Y2 = 7.28 ardab* Y3 = 6.14 ardab* II 4.09 ardab* 
A L A L A L A L 
0 1.4830 459.74 1.4525 450.27 1.2262 380.13 .81749 253.42 
10 1.3778 427.12 1.3473 417.68 1.1221 347.84 .71645 222.10 
20 1.2830 397.73 1.2529 388.40 1.0309 319.59 .63714 197.51 
30 1.2005 372.17 1.1711 363.60 .95571 296.27 .58428 181.13 
40 1.1322 350.97 1.1039 342.20 .89829 278.47 .55743 172.80 
50 1.0788 334.42 1.0519 326*09 .85895 266.27 .55139 170.93 
60 1.0403 322.49 1.0151 314.68 .83615 259.21 .55985 173.55 
70 1.0156 314.83 .99213 307.57 .82725 256.45 .57785 179.13 
80 1.0029 310.89 .98113 304.15 .82932 257.09 .60210 186.65 
= 5.009 + .054969N - .00031221X2; Y = 5.009A + .054969$ - .00031221«2a-1 (Equation 124). 
Table 58, Land-fertilizer and labor-fertilizer isoquants for wheat in the U.A.R. 
$ 
YI » 7. 38 ardab* Y2 = 7, 12 ardab* Y3 = 5,57 ardab* Y4 = 3.71 ardab* 
A L A L A L A L 
0 1.8373 569,58 1.7725 549.48 1,3863 429.74 .92418 286.49 
20 1,6012 496,38 1.5369 476.64 1,1546 357.91 .70266 217.83 
40 1,3947 432,36 1.3324 413.03 ,96686 299.73 .55981 173.54 
60 1,2287 380.90 1.1760 362,87 .83971 260.31 .50658 157.04 
80 1,1107 344,32 1.0588 328,23 .77419 240.00 .50905 157.80 
100 1.0396 322.27 .99464 308,34 .75464 233.94 .53747 166.01 
120 1.0065 312,01 .96780 300,02 .76357 291.03 .57815 179.23 
= 4,0150 + .049696N - .00018365N2; Y = 4.0150A + ,049696$ - ,00018365*24-1 (Equation 125) 
Table 59. Land-fertilizer and labor-fertilizer isoquants for paddy in the U.A.R. 
Yl = 5967.04 dariba* Y2 = 5854.32 dariba^ Y3 = 5107. 16 dariba* Y4 = 3404. 77 dariba* 
« A L A L A L A L 
0 1.3686 410.58 1.3427 402.82 1.1714 351.41 .78091 234.27 
40 1.2362 370.87 1.2106 363.18 1.0411 321.34 .65849 197.55 
80 1.1307 339.22 1.1060 331.80 .94337 283.01 .58869 176.61 
120 1.0568 317.03 1.0336 310.08 .88303 264.91 .57069 171.21 
160 1.0147 304.40 .99350 298.05 .85781 257.34 .58752 176.25 
200 1.002 300.05 .98112 294.34 .86001 258.00 .62374 187.12 
ay = 4360.0 + 413.478N - 26.598n2; Y = 4360.OA + 413.478$ - 26.598$2a-1 (Equation 126). 
Table 60. Land-fertilizer and labor-fertilizer isoquants for wheat in India 
i 
Y^ = 28. 73 maunds* h ' 28. 10 maunds* Y3 = 17. 18 maunds* ^4 = 11 .46 maunds* 
A L A L A L A L 
0 4.5829 549.95 4.4817 537.81 2.7409 328.90 1.8272 219.27 
20 3.5328 423.94 3.4323 411.88 1.7151 205.81 .84955 101.95 
40 2.5632 307.59 2.4670 296.04 .93954 112.75 .43158 51.789 
60 1.7745 212.94 1.6931 203.17 .64737 77.684 .40542 48.650 
80 1.2928 155.14 1.2369 148.43 .60168 72.202 .44514 53.416 
100 1.0844 130.12 1.0480 125.76 .62324 74.789 .50111 60.133 
120 1.0153 121.84 .98940 118.73 .66770 80.125 .56328 67.593 
= 6,26971 + 0.138127N - .002508n2 + ,585044P - 0.0832ip2+ .00464NP; Y = 6.26971A + 
.33636672$ - .0012689113«2a-1 (Equation 127). 
Table 61. Land-fertilizer and labor-fertilizer isoquants for rice in India 
$ 
Yi = 34. 80 maunds* Yg = 34. 24 maunds* Y3 = 24.21 maunds* Y4 = 16.14 maunds* 
A L A L A L A L 
0 2.4552 503.32 2.4161 495.29 1.7080 350.15 1.1387 233.43 
20 1.9530 400.36 1.9143 392.43 1.2204 250.19 .68192 139.79 
40 1.52680 312.99 1.4906 305.58 .87306 178.98 .48136 98.679 
60 1.2253 251.18 1.1950 244.98 .72204 148.00 .47040 96.433 
80 1.0647 218.26 1.0415 213.51 .69633 142.75 .51435 105.44 
100 1.0061 206.24 .98825 202.59 .72283 148.18 .57547 117.97 
= 14.17279 + .42042N - .OOSITN^ + .329P - .00399?% + .00234NP; Y = 14.17279A + .37319997* 
- .0016882872$2A-1 (Equation 128). 
Table 62. Land-fertilizer and labor-fertilizer isoquants for rice in India 
$ 
Yl = 13 .24 maunds* I
I 12.76 maunds* Y3 = 10. 03 maunds* -<
 
II 6.68 maunds* 
A L A L A L A L 
0 1.8148 372.03 1.7491 358.57 1.3746 281.78 .91637 187.86 
10 1.5008 307.66 1.4362 294.42 1.0703 219.41 .63529 130.23 
20 1.2541 257.10 1.1942 244.82 .86576 177.48 .51932 106.46 
30 1.0976 225.01 1.0465 214.53 .77898 159.69 .52429 107.48 
40 1.0270 210.54 .98527 201.98 .77269 158.40 .57414 117.70 
^ = 7.29476 + .08675N - .00057N2 + .27540P - ,00377P2 + .0015324NP; Y = 7.29476A + .24667878$ 
- .002644870342a-1 (Equation 129). 
Table 63. Land-fertilizer and labor-fertilizer isoquants for maize in India 
Tj = 2132.15 kg.* Yg = 2132.09 kg.* Yj » 1498.44 kg.* Y4 = 998.96 kg.* 
« A L A L A L A  L  
0 2.4655 456.12 2.465 456.12 1.7327 320.56 1.1552 213.70 
40 1.9562 361.90 1.9562 361.89 1.2379 229.01 .69139 127.91 
80 1.5249 282.10 1.5248 282.10 .88451 163.63 .48679 90.056 
120 1.2216 262.00 1.2216 262.00 .73018 135.08 .47497 87.870 
160 1.0621 196.49 1.0621 196.49 .70335 130.12 .51902 96.019 
200 1.0052 185.97 1.0052 185.97 .7265 134.99 .58052 107.40 
a^Y = 1552.7712 +-27.249573N + 3.2279936P - .21272736N2 - .0006011600p2 - .043654260NP; 
Y = 1552.7712A + 11.54859$ - .0263089$2a-1 (Equation 130). 
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Table 64. Average prices received by farmers by locations (1961)* 
Location Crop Unit 
Price per unit 
$ 
Iowa Com Bushel 00.90 
Kansas Com Bushel 00.940 
North Carolina Com Bushel 01.090 
Michigan Com Bushel 01.000 
Louisiana Com Bushel 01.250 
Florida Com Bushel 01.250 
U.A.R.b Com Ardabs 06.900 
Mississippi Cotton Hundredweight 15.000 
Louisiana Cotton Hundredweight 13.000 
U.A.R.^ Cotton Kantar 34.500 
U.A.R.b Wheat Ardab 10.350 
India^ Wheat Maunds 03.100 
Canada^ Barley Bushel 00.830 
Sweden® Cereal Kilogram 00.080 
India^ Rice Maunds 02.400 
U.A.RJ* Paddy Kilogram 00.035 
India^ Maize Maunds 02.400 
Florida Peanuts Pound 00.090 
^Source: (65). 
^Source (8b). 
*^Source (70). 
^Source (34). 
®Johnson, A.B. Lantkrukshogskolain, Inistitionen for lantkrukets 
foretagsekonomic, Oppsala, Sweden. Private communication. 1964. 
Table 65, Average prices of fertilizers paid by farmers for specific nutrients at the given locations 
(1962)a 
N P2O5 K2O CaO 
Location $ per ton $ per lb, $ per ton $ per lb. $ per ton $ per lb, $ per ton $ per lb. 
Iowa 247. 80 .124 210. 00 ,105 100, .00 ,050 
Kansas 235. 80 ,118 215, .00 ,108 100, .00 ,050 
N, Carolina 247. ,80 ,124 160, ,00 ,080 112. 70 ,056 
Michigan 250, .70 ,126 215, .00 ,108 103, .60 ,052 
Louisiana 235, .80 ,118 262, ,50 ,132 96, ,30 ,048 
Florida 232. ,80 ,117 125, ,00 ,062 103, .60 ,052 
Mississippi 232, .80 ,117 262, ,00 ,132 96, ,30 ,048 
Canada^ 202, .00 ,101 165, ,60 ,083 
Sweden^ 200, 00 
U,A.R,d 186, .48 ,093 
India® 339. 60 ,169 251, .12 ,126 
^Source (65), 
^Source (34), 
*^Johnson, A,B, Lantbrukshogskolain, Inistitutionen for lantkrukets foretagse konomic, Uppsala, 
Sweden, Private communication, 1964, 
^Source (8b), 
®Source (70), 
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Table 66. Average cash rental values per acre at the given locations 
(1961)a 
Location Average cash rent per acre ($) 
Iowa 17.10 
Kansas 7.12 
North Carolina 20.11 
Michigan 12.46 
Louisiana 12.60 
Florida 5.30 
Mississippi 12.57 
Canada^ 18.40 
Sweden^ 40.00 
U.A.R.d 46.00 
India® 6.00 
H. Scofield, U.S. Department of Agriculture, Statistical 
reporting services, Washington, D.C., U.S. Department of Agriculture. 
Private communication. 1963. 
^Auer, L. Assistant Agricultural Economist, University of Hawaii, 
Honolulu, Hawaii. Private communication. 1963. 
^Johnson, A.B. Lantbrukshogskolain, Inistitutionen for lantkrukets 
foretagse konomic, Uppsala, Sweden. Private communication. 1964. 
^Source C8b). 
®Yuganhara, R. V. Faculty of Agricultural Economics. University of 
New England. Aoiidale, N.S.W. Australia. Private communication. 1964. 
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Table 67. Per unit requirements of labor for different crops at the 
given locations (1961)^ 
Location Crop Unit Hours per unit 
Iowa Com Acre 9.0 
Kansas Com Acre 5.8 
N. Carolina Com Acre 15.0 
Michigan Com Acre 9.1 
Louisiana Com Acre 10.0 
Florida Com Acre 13.1 
U.A,R. Com Feddan 195.0 
Mississippi Cotton Acre 80.0 
Louisiana Cotton Acre 80.0 
U.A.R,^ Cotton Feddan 800.0 
U.A.R.b Wheat Feddan 310.0 
India^ Wheat Acre 120.0 
Canada^ Barley Acre 3.1 
Sweden® Cereal Hectare 100.0 
India^ Rice Acre 205.0 
U,A.R.b Paddy Feddan 300.0 
India Maize Acre 185.0 
Florida Peanuts Acre 25.4 
^Source (64). 
^Source (8b), 
Q 
Yuganhara, R, V. Faculty of Agricultural Economics, University 
of New England. Armidale, N.S.W., Australia. Private communication, 
1964. 
^Auer, L, Assistant Agricultural Economist, University of 
Hawaii, Honolulu, Hawaii. Private communication, 1963. 
®Johnson, A. B. Lantbrukshogskolain, Inistitutionen for 
lantkrukets foretagse konomic, Uppsala, Sweden. Private communication 
1964. 
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Table 68, Input-output table of the hypothetical example presented on page 208 
Capi- Labor 
Targets 
Land Pert. § Machinery ^in. Min. Min. Mi 
Activi- tal Agr.L. I.L. O.L. N.L. N.I. P.P. P.I. M.P. M.I. G.P. P.P. V 
ties 1 2 3 4 5 6 7 8 9 10 11 12 13 
B bi bg ^3 b4 0 0 0 0 0 0 til bi2 ^13 bi4 
*1 "1,1 *2,1 0 *4,1 0 0 0 0 0 0 *11,1 0 0 *14, 
*1,2 *2,2 0 0 *5,2 0 0 0 0 0 *11,2 0 0 *14, 
*3 *1,3 *2,3 0 0 0 *6,3 0 0 0 0 *11,3 0 0 *14, 
X4 *1,4 * 2,4 0 *4,11 0 0 0 0 0 0 *11,4 0 0 *14, 
X5 *1,5 * 2,5 0 0 *5,5 0 0 0 0 0 *11,5 0 0 *14, 
*6 *1,6 * 2,6 0 0 *6,6 0 0 0 0 *11,6 0 0 "14, 
*1,7 * 2,7 0 *4,7 0 0 0 0 0 0 0 *12, 7 0 0 
*8 *1,8 *2,8 0 0 *5,8 0 0 0 0 0 0 *12, 8 0 . 0 
Xg «1,9 *2,9 0 0 0 *6,9 0 0 0 0 0 *12, 9 0 0 
*10 *1,10*2,10 0 *4,10 0 0 0 0 0 0 *12, 10 0 0 
*11 *1,11*2,11 0 0 *5,11 0 0 0 0 0 0 *12, 11 0 0 
*12 *1,12*2,12 0 0 0 *6,12 0 0 0 0 0 *12, 12 0 0 
*13 *1,13*2,13 0 *4,13 0 0 0 0 0 0 *11,13 0 0 *14, 
^14 *1,14*2,14 0 0 *5,14 0 0 0 0 0 *11,14 0 0 *14, 
*15 *1,15*2,15 0 0 0 *6,15 0 0 0 0 *11,15 0 0 *14, 
*16 *1,16*2,16 0 *4,16 0 0 0 0 0 0 *11,16 0 0 *14, 
*17 *1,17*2,17 0 0 *5,17 0 0 0 0 0 *11,17 0 0 *14, 
*18 *1,18*2,18 0 0 0 *6,18 0 0 0 0 *11,18 0 0 *14, 
*19 *1,19*2,19 0 *4,19 0 0 0 0 0 0 0 *12, 19 0 Ol4, 
îsented on page 208 
Limitations 
Targets on F. § M. 
1— Min, Min. Min, Min, Min, Min, Max, Max, Max. Max, 
1,1, G.P, F.P. V G,I, F.I, V.I, F.P. F.I, M.P, M.I, 
.0 11 12 13 14 15 16 17 18 19 20 
bll ^12 bl3 bi4 ^15 bl6 bi7 ^18 ^19 ^20 0 0 ^23 
*11,1 0 0 *14,1 0 0 0 0 0 0 *21,1 0 0 
*11,2 0 0 *14,2 0 0 0 0 0 0 *21,2 0 
0 
*11,3 0 0 *14,3 0 0 0 0 0 0 *21,3 0 0 
*11,4 0 0 *14,4 0 0 0 0 0 0 0 0 0 
*11,5 0 0 *14,5 0 0 0 0 0 0 0 0 0 
*11,6 0 0 *14,6 0 0 0 0 0 0 0 0 0 
0 
*12,7 0 0 *15,7 0 0 0 0 0 *21,7 0 
0 
0 
*12,8 0 . 0 *15,8 0 0 0 0 0 *21,8 0 0 
0 
*12,9 0 0 *15,9 0 0 0 0 0 a 0 0 
0 
*12,10 0 0 *15,10 0 0 0 0 0 0 0 0 
0 
*12,11 0 0 *15,11 0 0 0 0 0 0 0 0 
0 
*12,12 0 0 *15,12 0 0 0 0 0 0 0 0 
*11,13 0 0 *14,13 0 0 0 0 0 0 0 *22, 13 0 
*11,14 
0 0 
*14,14 0 0 0 0 
0 0 0 
*22, 14 0 
*11,15 0 0 *14,15 0 0 0 0 0 0 0 *22, 15 0 
*11,16 0 0 *14,16 0 G G 0 G 0 0 0 0 
*11,17 0 0 *14,17 0 0 0 0 0 0 0 0 0 
*11,18 0 0 *14,18 0 0 0 0 0 0 0 0 0 
0 
*12,19 0 Ol4,19 a 0 0 0 0 0 0 *22, ,19 0 
Trans f. Land 
F.T. M.T, M.N,L. 
21 22 23 
F. § M. 
Trans. 
s 
Land 
M tn 
M. Prod.F. Prod. 
S Imp. S Imp. 
w N) o (O 
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00 o\ en 
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^ 4  ^ 04 ro O 
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o o (X (X cx cx Cx N) ro ro ro lO to to to ro to IX N> H- o \D 00 o\ en 4:k CX PU #-* O 
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Limitations 
Targets on F. § M. Transfor­
mation Land 
Min. Min, Min. Min. Min. Max. Max. Max. Max. 
F.P. V. G.I. F.I. V.I. F.P. F.I. M.P. M.I. F.T. M.T. M.N.L. 
12 13 14 15 16 17 18 19 20 21 22 23 
"12,20 0 0 *15, 20 0 0 0 0 0 0 *22,20 0 
°12,21 0 0 *15, 21 0 0 0 0 0 0 *22,21 0 
*12,22 0 0 «15,22 0 0 0 0 0 0 0 0 
*12,23 0 0 «15, 23 0 0 0 0 0 0 0 0 
«12,24 0 0 «15,24 0 0 0 0 0 0 0 0 
0 : «13,25 0 0 «16,25 0 0 0 0 0 *22,25 0 
0 «13,26 0 0 «16,26 0 0 0 0 0 *22,26 0 
0 ' *13,27 0 0 «16,27 0 0 0 0 0 0 0 
0 ' «13,28 0 0 «16,28 0 0 0 0 0 0 0 
0 0 0 0 0 «17, 29 0 0 0 0 0 0 
0 0 0 0 0 0 «18,30 0 0 0 0 0 
0 0 0 0 0 0 0 «19, 31 0 0 0 0 
0 0 0 0 0 0 0 0 «20, 32 0 0 0 
0 0 0 0 0 0 0 0 0 0 *22,33 «23,33 
0 0 0 0 0 0 0 0 0 0 *22,34 
0 0 0 0 0 0 0 0 0 
«21,35 0 0 
0 0 0 0 0 0 0 0 0 0 022,36 0 
